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PREFACE TO THE FIRST EDITION. 

TN the present treatise I have attempted to give an exposition 
of the Theory of Determinants and their more important appli- 
cations. In every case where it was possible I have conaulted 
the original works and memoirs on the subject; a list of those 
I have been able to see is appended as it may he useful to others 
pursuing the same line of study. At one time I hoped to make 
this list exhaustive, supplementing my own researches from the 
literary notices in foreign mathematical journals, but even with 
this aid I found that it would be necessarily incomplete. In 
consequence of this the list has been restricted to those memoirs 
which I have seen, the loading results of which are incorporated 
either in the body of the text or in the examples. 

The priucipal novelty of the treatise lies in the systematic 
use of Graasmann's alternate units, by means of which the study 
of determinants is, I believe, much simplified. 

I have to thank my friend Mr Jas. Baenard, M.A. of St Johni:; 
College and Mathematical Master at the Proprietary School, 
Black heath, for the care he has bestowed on correcting the 
proofs and for many valuable suggestions. 

K. F. SCOTT. 
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REVISEK'S PREFACE. 

rilHE principal changes made in this edition are that some 
-*- account has heen given of infinite determinants, and of the 
elements of the theory of bilinear forms, together with the 
fundamental propositions about elementary divisors. I have 
intentionally refrained, as far as possible, from altering the 
character of the book, or increasing its size. The list of books 
and memoirs relating to determinants has been omitted, Dr Muir'a 
bibliography being easily accessible ; instead of this I have given 
a brief account of the earlier history of the subject, The new 
introductory chapter is intended for beginners, who are apt to 
feel discouraged if they first approach the theory in its most 
general form. For a similar reason the abbreviated notation 
employed in some chapters has not been used in those which 
axe more elementary. 

Besides original papers, I have consulted Pascal's excellent 
treatise in the Hoepli series, and Muth's Elemetitartheiler. The 
first volume of Kronecker's lectures on determinants appeared 
too late for me to consult it. I ought to say that for all the 
changes that have been made I am solely responsible, the revision 
having been left entirely in ray hands by the author. 

G. B, MATHEWS. 
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THEORY or DETERMINANTS. 



CHAPTER I. 

INTRODUCTION. 



1. Determinants are algebraical expressions of a particular 
type calculated by a systematic rule and expressed by a special 
Botation. Accordingly there is a calculus of determinants; and 
besides this there is a theory, dealing with the properties of 
determinants which result from their analytical form. 

The most natural way of introducing the subject is to consider 
a few simple cases of the problem to which the invention of deter- 
minants is due ; namely, the formal solution of a general system 
of simultaneous linear equations. 
If the system is 

a,x + a,y + a^ === 0\ 
hic+ hy+ 63 = Ol 
the solution is at once found to be 

_a3?»3— Ka&a _ a^bi ~a,b3_ 
(tifig — Oafti' " a,b^ — a^bi' 
and in the same way the homogeneous equations 
aiai + day + ((3^ = 01 

lead to the proportion 

X : y : z = {a^b, — a,bi) : ifHh^-aJ)^ : (thb^ — a^h,), 
from which the previous result follows by putting z — 1. 
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THGOEY OF DETERMINANTS 
Consider next the homogeneous system 

Ml = «!« + a^y + 032 + att = 0\ 



[chap. I 



M3 S CiiC + CaJ/ + Cjit + C,t = I 

In the derived equation 

\u, + XjWa + XsMj = 
the coefficients of e and i will vanish if 

that is, by the preceding case, if 

\, : Xj : yi.3 — (biC, — hiCit) : (030.4 — 0,(13) : {(hbi — aih^. 

Taking the mnltipliers in this proportion, the derived equation 
becomes 

Qx + Py^O, 
where 

P = a,5(bjC, — tjCj) + fta(Ca(l4 — C4aa) + Cii(([j&,— ^hh), 

Q — ch ihci - &jCj) + 61 (Csfli - CjMj) + c, (ajfe, - a4ia)- 

The expressions P, Q are of precisely similar form, and differ 
only in the sets of coefficients which they involve. It is con- 
venient to write 



a. 


a, 


a, 


h 


t. 


t. 


c, 


Cs 


c, 



i, determinant of the 
third order. The determinant has three rows, such as a^, (h< '^ii 
three columns, such as Oj. h^, Cj ; and nine elements, Os, Oj, ... c,. 



Q= 6, t, 64 



yGoosle 



INTRODUCTION 



and it is found without difficulty that the complete solution of the 
given system is 



Cti tts 


([4 


b, h 


k 


Ca c, 


C, i 






a, CL, 


a4 


i, h 


6. 


c, c, 


Ci 



6, b, b. 



2. We may use this result to solve, by the method of multi- 
pliers, a system of four homogeneous equations in five unknowns, 
and so on. The general result, as will be proved later on, is that 
(n + 1) variables satisfying n linear homogeneous equations are 
proportional to (k + 1) rational integral functions of the coefficients, 
each homogeneous and of dimension n in a certain set of n" 
coefficients. These expressions are, in fa«t, determinants of the 
nth order, analogous to those of the third order above defined. 

A determinant of the first order, \a\, is merely the single 
term a ; for the second order, we have 



la, (J, 



>.-».A; 



the general rules for expanding a determinant of any order will 
be found in the next chapter. 

3. A convenient rule for writing down the expansion of any 
determinant of the third order is the following, due to Sarrus. 

Let the determinant be 

I fli <lj (la I 

i h h, k I 



Alongside of this repeat the first and second columns in order 

«! fta Kj (tj dj 

/xxx 

Ci Cs C3 Ui Ca 

anfl form the product of each set of three elements lying in lines 
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4 THEORY OF DETERMINANTS [CHAP. I. 

parallel to the diagonals of the original aquaro. Those which 
lie in lines descending from left to right have the positive, the 
others the negative sign. Thus the determinant is 

— atb^Gi — ai^sCa — da&iCa. 

In practice it is not necessary actually to repeat the columns, 
but only to imagine them repeated. 

4. In order to make the notation familiar, proofs will now be 
given of some elementary properties of determinants of the third 
order. They are special cases of theorems which are true for any 
order ; and the reader will easily verify them for determinants of 
the second order. 

Consider the determinant 



Each term of the expansion is of the form ±a^bgOy, where 
(a, /3, 7) is a permutation of (1, 2, 3); in other words, it is 
a product of three elements, no two of which belong to the same 
row or to the same column. The sign of the term Oih^Cs, derived 
from the principal diagonal (that which slopes down from left to 
right), is positive: any other term a^b^Cy is preceded by the 
sign - or + according as (a, 0, 7) is derivable from (1, 2, 3) by 
a sino'ie transposition or two transpositions. Thus hali' the terms 
are positive, and half negative. 

The value of D is unaltered if columns are changed into rows 
without altering the positions of a^, 65, Cj: that is to say, 

I (tj C6a Oj ! j (Ki 61 Ci 1 

\ bi h h \=\ lis b^ Cj . 



This is verified by expanding each side. 

5. If any two rows or columns of J) are interchanged, the 
value of the new determinant is - B. For the effect of the 
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change on the expansion of D is either to change two letters 
(such as a, b) withont altering the positions of the suffixes, or 
else to interchange two suffixes : in each case the result is — D. 
For instance, if the second and third rows change places, the new 
determinant is 



a, ttj ((3 

b, h b, i 



-D. 



3 identical, the value of 



D = a^ {b^d — bgCj) + Oa (fcaOi — b,Cs) + a, (ijCa - 

I 6a ^3 I I 63 ^ I 1 ''1 ("c 

= 01 \ + <h\ +"3 



hcO 



thus i> is a linear homogeneous function of the elements Oj, Oj, et, 
in the first row, the coefficients being determinants of the second 
Oirder constructed from elements in the other rows. D can be 
similarly expressed as a linear function of the elements of any 
other row or column. 

It follows from this that 

'. , 'b, , h 

and there is a corresponding theorem when the elements of any 
column are binomials. More generally, if each element of the 
first column is expressed as the sum of I terms, each of the second 
as the sum of m terms, and each of tho third as the sum of n terms, 
then D can he expre^ed as the sum of Imn determinants, in each 
of which the columns consist of corresponding terms of the sums 
in question. There is, of course, an analogous theorem with 
" rows " instead of " columns." 
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6 THEORY OF DETERMINANTS [CHAP. I. 

Again, if the elements of any row or column are multiplied 
by k, the value of" D is multiplied by k. For instance, 

ka, eta (tj I ' a, a^ a, ' 

kb, b, h] = kx'\ ix h k 

kCi Cn Cj I t '^i "2 ''s 

By combining the foregoing results, we obtain the useful 
theorem that 

ka, + la, + ma,i, a~„ a^ j a^ a^ a,, j 

hhi + Ihi + mftj, 6a, 6s = i X 61 62 63 I = kD. 

fcCi + iCa + ?nC3, Ci, Ca j Ci C^ C3 | 

This follows from the fact that the determinant on the left can be 
expressed in the form AAj + (A, + wiAj, where A^ = D, and the 
determinants Aj, Aa vanish on account of the identity of two 
columns. 

7. The product of two determinants of the third order can 
be expressed as a determinant of the third order. 
To see this, consider the determinant 

j aa + 6j3 + C7 , ad _, + hfi' + C7' , aa!' + h^" + C7" 
C = a'a + 6'/3 + c'7 , a' a' + b'0 + c'7' , «.'«" + 6'/3" + c'7" 

I «"a + 6"^+c"7, a"a' + b"^ +c"j', a"a!'+b"^'+ c'Y 

By selecting partial columns, this can be expressed as the sum 
of 27 determinants such as 



aa 


aa' ll3" 


oa 6,9' 


«7" 


a'x 


«V VB" 


, ii'a 6'S' 


cV 


!."« 


a'V i."/i" 


a"a 6-,3' 


c"7 



and so on. But of these the only ones that do not vanish are the 
six which, like the second one above written, contain all the nine 
elements of the determinant 



y Google 



INTRODUCTION 



Calling this d, and putting 



each of the set of 27 which does not vanish is the product of d by 
a term of 5 ; for instance, the one above given is equal to a^''^"d. 
Moreover it is found, on examination, that the sign of the term 
which multiplies d agrees with the sign which it has in the 
expansion of 3; and that every term of S is represented in this 
way. Consequently 

D^dh. 



8. In expressing the product dh as above, the multiplication 
is said to be effected by row's ; in fact each element of D is the 
sum of products of corresponding pairs of elements of rows in d 
and S. Since the values of d, 8 are not affected by interchanging 
rows and columns, there are four ways of performing the multi- 
plication : the resulting determinants are, in general, distinct in 
form, though their complete expansions are, of course, the same 
identically. 

To illustrate the different methods of procedure, we may 
take the case of two determinants of the second order. By the 
same kind of reasoning as before, it is verified tliat each of the 
determinants 

I aa + &|S , aa +h^' \ i aa + fci' , a^ + h0' j 
I da+h'^, a'<x'+b'0' [ \ a'a + b'a, a'& + h'&' \' 



([« + c, p, aa +aj3 
\ ba + b'l3, ba' + b'j3' 



aa. + a'a', a/3 + a' 13' 
ba + b'a, b8 + b'0- 



is equal to the product of i 



1 =! ff 
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CHAPTER II. 

DEFINITIONS AND NOTATION. ALTERNATE NUMBERS, 

1, Before proceeding to the theory of determinants of any 
order, it is convenient to recall a few theorems relating to the 
permutations of n. different things in a line. 

If we have any n elements a^, a^, ... «„, we may call 

where the elements are arranged according to the magnitude of 
the numbers forming the suffixes, the natural or original order of 
the letters. Any other order is called a permutation of the 
elements. One element is said to be higher than another when 
it has the greater sufEx. When in any permutation an element 
■with a higher suffix precedes another with a lower, we have 



Thus the permutation aj, Oj, a, , a^, of four letters, contains the 
following four inversions, 

(tiCtj, a,a,, aiOi, ttgai, 
where we compare each element with all that follow it. 

Following Cramer it is usual to divide the permutations of 
a given set of elements into two classes ; the first class contains 
those permutations which have an even number of inversions, the 
second those which have an odd number. 
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1-2] DEFINITIONS AND NOTATION 9 

2, By permuting the elements a^, a^, ... a„ we obtain all 
posyible ways in which they can be written. The same result is 
arrived at by writing down all the permutations of the suffixes 

1, 2, ... K and then putting a's above them. 

By repeated interchange of two suffixes we can get every 
permutation of the given elements from their original order. 

For if we start with two suffixes 1, 2, they have but two 
arrangements, 

1, 2, 2, 1, 
of which the second is got from the first by a simple interchange. 
Taking three elements 1, 2, 3, out of these we can select the dnad 

2, 3, whose permutations are 2,3 ; 3, 2. Prefising 1 to each of 
these we get 1, 2, 3; 1, 3, 2, which are two permutations of the 
given elements. Proceeding in like manner with the other duads 
1, 3 ; 1, 2, we get the six arrangements of three figures 

12 3, 13 2, 2 3 1 
2 13, 3 12, 3 2 1. 

Next take four numbers 1, 2, 3, 4. We get four triplets by leaving 
out one number, viz. 

12 3, 12 4, 13 4, 2 3 4. 

For each triplet we can write down six arrangements by the rule 
just given for three numbers, then adding on the missing number 
we get twenty-four arrangements of four numbers, viz. 



12 3 4 


12 4 3 


13 12 


2 3 4 1 


2 13 1 


2 14 3 


3 14 2 


3 2 4 1 


13 2 4 


14 2 3 


113 2 


2 4 3 1 


3 1 2 * 


112 3 


4 13 2 


12 3 1 


2 3 11 


2 113 


3 4 12 


3 4 2 1 


3 2 11 


4 2 13 


4 3 12 


4 3 2 1. 



And so we could go on to write down the arrangements of any set 
of elements. 

The number of arrangements of n letters is 1 .2 . 3...« or m!, 
an even number. 
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10 THEOHY OF DETERMINANTS [cHAP. II. 

3. If in a given permutation two elements be interchanged 
while ail the others remain unaltered in position, the two resulting 
permutations belong to different classes. This will be proved if 
we can shew that the difference between the number of inversions 
in the two permutations is an odd number. 

We can represent any permutation of a group of elements by 

A d B e C (1). 

where d and e are the two elements to be presently interchanged, 
A the group of elements which precede d, B the group between 
d and e, and G the group which follows e. The permutation we 
obtain is 

A e B d G (2). 

The number of inversions in the two permutations (1) and (2) due 
to the elements contained in the groups A, B and G is in each 
case the same. And since the elements of A precede d and e in 
both permutations wc get no new inversions in (2) from these ; the 
elements of G follow both d and e, and therefore give rise to no 
new inversions. We have therefore only to consider the changes 
in the two permutations 

d B e and e B d (3). 

Suppose that e is higher than d; let B contain b elements of 
which bi are higher than d and b^ higher than e. Then in the 
permutation d B e viQ have, independently of the inversions con- 
tained in B itself, b~-b^ + b-i inversions, because there are 6 — 6i 
elements lower than d and b^ higher than e. 

In e B d we have & — 6a inversions on account of e, b^ on account 
of d, and one because e is higher than d ; thus, without counting 
the inveraions in B, we have b — &j+ bj+ 1. The difference between 
the number of inversions in the permutations (3), and therefore 
in (1) and (2), is thus 

b-b, + b^+l-{b-b, + b,)=^2{b^-h) + l. 
which is an odd number, shewing that the permutations belong to 
different classes. 
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4. The same result may be arrived at as follows. If there be 
31 quantities whose natural order is 

a,, %, ... an, 

and if in any arrangement we subtract each suffix from all that 
follow it and multiply these differences together, we shall have 
a product whose sign will depend ou the number of inversions 
in the given aiTangement, the sign being positive if the number of 
inversions is even and negative if the number of inversions is odd. 
If then i, k be any two suffixes chosen arbitrarily which are to be 
interchanged, i preceding k in the given arrangement, the product 
of the differences will consist of four parts. 

(i) The factor h — i. 

(ii) and (iii). A set of factors such as ± (r — k), and ±(r — i), 
where r is some number of the series 1 . . . ?i excluding i and k. 

(iv) A set of factors such as r — s, where r, s are two 
numbers of the series 1, 2, ...*i excluding i and k. 

Then for the given arrangement the product of the differences 
will be 

e(t-i)n(r-i)(''-t)n(r-»), 
where e denotes + 1 or — 1 as the case may be. If now we inter- 
change i and k, the signs of all factors such as {r~k){r—i), 
{r—s) remain unchanged, while k—i changes sign. 

Thus on interchanging two elements the product of the differ- 
ences changes sign, i.e. by interchanging two suffixes we have 
introduced an odd number of negative factors and therefore 
of inversions, henee the two arrangements considered belong to 
different classes. 

5. If in a series of elements each is replaced by the one 
which follows it, and the last by the first, we are said to have got 
a cyclical permutation of the given arrangement. If the system 
of elements 

«!, fflg, ... «.„ 

be considered as forming an endless band, if we cut this band 
between a, and a„ we have the natural order, cutting it between 



y Google 



12 THEORY OF DETERMINANTS [CHAP. 11. 

Oi and Oi we have a cyclical permutation of the first order, and 

Such a cyclical permutation is equivalent bo n— 1 simple 
interchanges, viz. we move a, fi'oni the first to the last place by 
interchanging the first and second elements, then the second 
and third, and so on, in all « — 1 simple interchanges. Thus 
a cyclical permutation of a given arrangement belongs to the 
same or opposite class as the given one according as the number 
of elements is odd or even. 

6. Every permutation of a given set of elements may be 
considered as derived from a fixed permutation by means of 
cyclical permutations of groups of the elements. 

This is beat illustrated by an example. Let the suffixes of 
two permutations of nine elements be 

7, 6, 3, 2, 1, 4, 8, 5, 9 

8, 7, 9, 5, 1, 6, 4, 3, 2 

To obtain the second permutation from the first, we begin by 
replacing 7 by 8, 8 by 4, 4 by 6 and 6 by 7, which completes 
a cycle. Then we replace 3 by 9, 9 by 2, 2 by 5 and 5 by 3, 
which completes another cycle. Lastly, 1 forma a cycle by 
itself. 

7. If elements which remain unchanged like 1 in the pre- 
ceding example be considered as forming a cycle of one letter, 
we may state the following theorem : Two permutations belong to 
the same or different classes, according as the difference between 
the number of elements and the number of groups by whose 
cyclical interchange one permutation is got from the other, is 
even or odd. 

For if there be n elements altogether, and p cycles of n,, 
ns...np letters respectively, the cyclical interchanges are equi- 
valent to 

{n,-l) + (n,-i)+ ... + {r^-l)^n, + n,+ ...+nj,-p 
= n-p 
simple interchanges, which proves the theorem. 

In the example in Art. 6, ?i = 9, ^ = 3, and thus the permu- 
tations belong to the same class. 
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8. A deteniiinatit of the )ith order is a function of «° eiements, 
which are conveniently distinguished by double suffixes in the 
following manner. The complete symbol for the determinant is 
written 



1 a„, «„....( 

so that the element a,, is the sth constituent of the rth row, or 
(which is the same thing) the rth constituent of the sth column ; 
rows being counted from above downwards, and columns from left 
to right. The elements may be regarded as being arranged in 
a square block; of this the line containing Oj,, a^, ... «»« is called 
the leading or principal diagonal. 

The actual block of elements, considered per se, is called an 
array, or matrix. More exactly, it is a square array, as dis- 
tinguished from other arrays. 

The expansion of the determinant represented by the above 
symbol is obtained by the following rule : From the array choose 
n different elements such that there is one and only one element 
from each row and column, and multiply these elements together; 
the product will be a term of the determinant. For example, the 
product of the elements 

situated in the principal diagonal of the squarfe array, is a terra of 
the determinant ; this will be called the leading term, and to it 
we attribute the positive sign. 
The sign of any other term 

a/g.ahk...ast 
is determined as follows. From the mode in which the elements 
were selected, it follows that 

/, h, ... s, and g, k,...t 
are each of them permutations of 1, 2, ...)i. Let them contain 
p and q inversions respectively, then the sign of the term 

is (— 1)P+*. The sum of all the possible terms with their proper 
signs is the determinant of the array. 
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14 THEOHY OF DETERMINANTS [CHAP. II. 

More simple rules may be given for defcermiiiing the sign of 
any term. If we interchange any two elements ajj and a^ the 
term does aot change its sign. For this interchange is equivalent 
to the interchange of i with h aod j with k. By these two inter- 
changes we increase both p and q by an odd number, and hence 
the sign of the term is unaltered. It is therefore usual to give 
to one series of suffixes their natural order, so that one of the two 
numbers p or g becomes zero, and the sign of the term of the 
determinant now depends solely on the number of inversions in 
the other series, and is the same whether the first or second series 
of suffixes retains its natural order. 

It is thus clear that all the terms of the determinant will be 
obtained from the leading term 

by keeping the first suffixes fixed in their natural order, and 
writing for the second suffixes in succession all possible permu- 
tations of the elements 1, 2, ... Ji, giving to the product of the 
elements the positive or negative sign according aa the number 
of inversions is even or odd. 

Such a determinant is said to be of the nth degree, since each 
term is the product of n elements. It has wl terms in all, since 
this is the number of permutations of the second suffixes, each 
of which gives a term of the determinant. Half of these terms 
have the positive, the rest the negative sign. 

9. Various notations are employed for the determinant of 
a system of n' elements. Cauchy and Jacobi denoted it by 
drawing two vertical lines at the sides of the array, or by writing 
+ before the leading term and prefixing a summation sign. 



On,, fflns, ... «»n i 

Sylvester uses the umbral notation 
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If the determmant be written in the form 



we may denote it by 

\^i.y,,^i....\(i^l. %■■■«:). 
meaniug by this that i is to take the different VEilues 1, 2, ... n in 
succeBsion. Lastly, the determinant with double suSixea may be 
denoted by 

\ai>,\ a k=l, 2,...n), 
the bracket at the aide telling us what values the suffixes i and 
k take. 

This notation is, I believe, due to H, J, S. Smith, who 
employs it in his report on the theory of numbers, Brit. Ass. R&p., 
1861, p. 504. It clashes with Weierstraas's use of the symbol \z\ 
to denote the absolute value of the complex qiiantity z ; but this 
does not lead practically to any confusion. 

If we use the symbol |aTi„|, the explanatory bracket becomes 
unnecessary, since the notation now indicates the order of the 
determinant, and it is, of course, understood that the elements 
I are of the type a^, with r ^n, s^n. 



10. Illustrations of the rule for expanding a determinant will 
be found in the introductory chapter. It may be observed that 
when the eSements are represented by literal symbols with single 
suffixes, it is usual to write the factors of any term in the dictionary 
order of the letters : its sign is then determined by the class of 
the permutation of the suffixes. For instance, 



ajhiCsdi — a^bjCsdi — aihiC^di + a^h^c-id, 
+ ai,^3Cidi — aj^sCidi — 016204(^8 + Oi&iCidj 
■V (hhiC^dj— a^hiCida— aJ},Gid3 + aib-^Cid, 
+ ayh^Cidi — Oa&iCidj - a,hicA + atbiC^d^ 
+ Osh^Cid^ — atbyCidi — aJ>aC,di + a-jbiCtdj 
+ OibfCadi — ajtjCadi - OabjCad, + a,bsCidi. 
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In the double-auffix notation, the same expansion is, in the 
me order, 

1 aMl = <*ji'*3i«s3"M"' (hi<hi<J'ssO'ii — '>'u<h2<hs'^ii + etc. 



11. If we interchange rows and columns in the determinant 
of Art. 9, we get 



This is the same as the original determinant with the suffixes 
of each element interchanged. Its expansion is then obtained 
from that of the original determinant by interchanging in each 
term the sufRxes of each element. That is to say, in the term 
diidan ... Oth, we keep the second suffixes fixed in their natural 
order and write for the first suffixes all possible permutations of 
l,-2, ... n. But the reasoning of Art. 8 shews that each term in 
the new determinant has the same sign as the corresponding one 
in the original determinant. 

Thus a determinant remains unchanged in value when its 
rows and columns are interchanged. 



Alternate Nvmibers. 

12. The magnitudes with wiiich we deal in ordinary or 
arithmetical algebra are subject, as regards their addition and 
multiplication, to the following principal laws : 

(i) The associative law, which states that 
(a + 6) + c = a + (6 + c) = a + 1 + c, 
and that ab.c~a.bc = abc. 

(ii) The commutative law, which states that 

ab = ha. 
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(iii) The distributive law, which states that 
(b + c)a = ba+ era, 
a{b + c) = ah+ ac. 
The researches of modern algebraists have led them to con- 
sider quantities for which one or more of these laws ceases to 
hold, or for which one or more of these laws assumes a different 
form. 

Numbers, whether real or ideal, which follow the laws of 
arithmetical algebra will be called scalar quantities. 

We shall find it useful to consider a class of numbers which 
have received the name of alternate numbers. These are deter- 
mined bj means of a system of independent units given in sets 
like the co-ordinates of a point in space; such a sot will be 
denoted by ei, e^, ... e„. A number such as 
J. = a,ei + ((203+ ... +«Tie„, 
formed by adding the units together, each multiplied by a scalar, 
will be called an alternate number of the nth order. 

In combination with scalar quantities and with units of other 
sets these units follow the laws of ordinary algebra. In combina- 
tion with each other the units of a system follow the associative 
law and the commutative law as regards a<ldition, but for multi- 
plication we have the new equation 

e^gj — — e^Br (1), 

when r, s are unequal ; and 

«,- = (2) 

i'or all values of r. 

13. If j1 =0,^1-1- 0262+ ... +t[„e„, 

5 = ^)16,-1-6562+... -VK^n 
be two alternate numbers of the Jtth order, we define their product 
as follows : 

= XarhsBreg. 
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Hence, by equations (1) and (2) of Arfc. 12, 
AB = (oyb^ - OaJij) ejCs + (ffifia - a^bi) e^e^ + ... 

+ (On-ibn — <lnbn-i) ^n-l^n- 

Thus clearly AB — —BA and J,' = 0, proving that alternate 
numbers have the same commutative law of multiplication aa 
the units. 

14. If k be any acaiar 

(A +kB)B = AB + kB'' = AB, 
80 that the product of two alternate numbers is not altered if one 
be increased by a multiple of the other. 

If we have a product of more than two numbers 

ABC L, 

it follows that for one of them, say 0, we can write 

C + hA+k^B+...+k,.L, 
and the product will still remain unaltered. 

Alternate numbers belong to that class of algebraical magni- 
tudes for which multiplication is a determinate, but division an 
indeterminate process. In fact 

-^-^A+kB, 

where k is an arbitrary scalar. 

The continued product e-ie^... en of all the units of a set will in 
future be assumed to be unity. An explanation of this assumption 
will be given later on, 

15. If, now, we take a square array of elements such as that 
in Art. 8, we can form a system of n alternate numbers of the nth 
order by taking the elements of each row to form the coefficients 
of the units in the numbers. Let P be the product of all these 
numbera, so that 

P = (01161 + a^e^+ ... +((ine„)(a2,ei + a.x!e2+ ... + a™en) ■■■ 

(«niei + 0112^3 + •■■ +«Tine„). 

On multiplying out the factors on the right. 
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Since ej,ey...es = if any two units are alike, it follows that in 
every term on the right which does not vanish p, ^ ... s is a permu- 
tation of 1, 2 ... n, It follows at once from the law of multiplication 
(equation (1), Art. 12) that 

where v is tho number of inversions in the series ej,e^ ... eg. 

Thus P^e.es... eaX(- lya^pu^ ... fj^j, 

but the term under the summation sign is a term of the deter- 
minant of the system of elements, with its proper sign. Thus 

P = \<htn.\ 01^2 ■■■ e« 

Hence the determinant of a system of v' elements is expressed as 
a product of n alternate numbers linear in these elements. From 
this it immediately follows that if all the elements of a row are 
multiplied by the same number the determinant is multiplied by 
that number, and if all the elements of a row vanish the deter- 
minant vanishes. 

In future we shall write for a determinant of the nth order 
whichever of the fonns 

\a„n\, TI^i-, S + (tiiaaa ■■- t«jii 
{Ar = anei+ a,-2^i,+ ... +1x^6,1) is most convenient. 

16. If the determinant is so constituted that the different 
fectors of which it is composed do not contain all the units, its 
evaluation is frequently effected with ease. 

For example, the determinant 

, 0, 

Oil, o-a, 



^1 1 (^iis > '^m ^n 



in which all the elements above the leading diagonal ■ 
reduces to the product rauO^. ..(!„». 



y Google 



20 THEORY OF DETERMtMANTS [CHAP. II. 

For it is equal to the product of the alternate numbers 



ttaiei + OmSj + Ossej 



ra^e, + O.n'ie^ + (^563 + . . . + thmen- 
Since the first number contains 61, and e, only, all terms in the 
product of the remaining factors which contain ei disappear when 
multiplied by this factor, so that as far as we are concenied we 
may suppose as,, asi-..a„i to vanish. The second number reduces 
to «22^' 3Jid the product of the first two to (1110,0^6^. We may 
shew in like manner that a^, a^a . . . may vanish, and so on. Finally 
the product reduces to 

<i]i 6,02363... a„n^ = aiia^... «„„. 
By an interchange of rows and columns it follows that the 
determinant for which all the elements below the leading diagonal 
vanish also reduces to its leading term. 



17. As another example let us consider the determinant 
0, cos (a, + ([2)1 coa(ffli + da) ... 

is (oj + a,), 0, cos (((3 -t as) ... 

cos (oa + a,), cos (a.ji + a^), 



. 



of order n : the element in the rtb row and sth column is cos («r + u^y 
nnleea r = s, when it vanishes. 



Substitute for the 



their exponential values and write 



Then J) is the product of such factors a 
i {a,a3 + — je, + fo:,aa+ — )e,+ 
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Thuaif asE+- = A,. 

we see that (- 2)" D = H (2e, cos 2a, - A,). 

Now observe that since the quantities As depend only on the 
two alternate numbers E and F, the product of more than two of 
them mast vanish. Hence expanding 

,^^^jAn 
^ 2 cos llOn 

...e^A„.,A,, 



+ 2" cos 2ai . . . cos 2(i„ 2 



4cos 2a„_] cos 2a„ 



_,(a.E+£) 



Thus <-»"° .1 „ ^ .;.■(»,"%) 

COS 2ai cos 202... cos Sd,, cos 2ffl, cos 2ag ' 

cos 2ai ... cos 2((„ ' cos 2a^ cos 2a, ' 

where (r, s) are all duads derived from 1, 2 ... n. 
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CHAPTER III. 



GENERAL PROPERTIES OF DETERMINANTS. 

1. If two columns or rows of a determinant be interchanged 
the resulting determinant is equal in value to the original, but of 
opposite sign. 

Let D = Xl(ane,+ ...+ari,es+ ... + artet + ... +a„e„) = UA,.; 
then, if D' is the determinant got by interchanging the sth and 
tth columns, 

i)'=n (ra,.iei + . . . + (t^Cf + ... +H.,se, + ... 4-«™e„); 
hut since in addition we follow the ordinary commutative law, Zf 
is got irom D by interchanging e, and et in the product on the 
right. This leaves the scalar factor unaltered but changes the 
sign of the product of the units, thus 

Interchanging two rows of a determinant, say the rth and sth, is 
the same as interchanging the two factors A,, and Ag on the right : 
this is equivalent to an odd number of inversions, and hence by 
the rule of multiplication changes the sign of the pi'oduct. This 
second argument, in fact, proves both parts of the proposition, 
since D is unaltered hy changing rows into columns (ll. 11). 

2. If two rows or columns of a determinant be identical the 
determinant vanishes. For by the interchange of the two columns 
in question the determinant changes sign, but both columns being 
alike the detenninant remains the same, thus 



D=-D or D = 0. 
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3. If each element of the rth row consist of the sum of two or 
more numbers the determinant splits up into the sum of two or 
more determinants having for elements of the rth row the separate 
terms of the elements of the rth row of the given determinant. 
For if D='UA,. 

and At = (a^ + b,-,) e, + («„ + bn) e^ + . . . + (a^n + i>m) e„ 
= (a,^e, + . . . + «,„e„) + (br,e, + ... + 6^„e„) 
^A'r + Br-, 
since A-, ... A,. ■■■ A^^ A^... (A',.+ }i,-) ... A^ 

^A,...A-t...A^+A,...Br...A^, 
we have D = i?, + Dg, 

where D, and Ss are determinants having for elements of the rth 
row in the sth place a^ and brt respectively. 

Repeated applications of this reasoning shew that if the 
elements of the rth row consist each of the sum of p elements, then 
the original determinant can be resolved into the sum of p deter- 
minants having for their rth rows the terms of the elements of the 
Hh row of the given determinant. 

The same theorem would apply if the elements of a column 
consisted of the sum of elements. In fact whenever a theorem 
applies to rows it applies equally to columns, as these can be inter- 
changed {li. 11). 

In future, when a theorem is stated with regard either to rows 
or to columns, it is to be understood as applying also to the other. 

4. The value of a determinant is not altered if we add to the 
elements of any row the corresponding elements of another row, 
each multiplied by the same constant factor. 

For if we add to the elements of the rth row those of the sth 
row, each multiplied by p, the resulting determinant is 
A,...{Ar+pA,)...A,...A^^A,...A,....A,...A„+pA,...A,...A,...A^ 

= A,...Ar...A,...An, 
the other product vanishing, since it contains two identical factors. 

For brevity the operation of adding corresponding elements of 
two rows is usually spoken of as adding the rows. 
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[chap. III. 



5, The theorem of the last article is of great importance in 
the reduction of determinants. The following are examples of 
its application : 

(i) If corresponding elements of two rows of a determinant 
have a constant ratio the determinant vanishes. For we have 
only to multiply the elements of one row hy a proper factor and 
subtract them from the elements of the other when all the 
elements in that row will vanish, and consequently the deter- 
minant vanishes. 



two following theorems, which may 



Of a similar nature are thi 
be proved without difficulty : 

(ii) If the ratio of the differences of corresponding elements 
in the pth and qth rows to the difference of corresponding ele- 
ments in the rth and sth rows be constant, then the determinant 
vanishes. 

(iii) If from the corresponding elements of Z + 1 rows we 
form the Ith differences and from the corresponding elements of 
m + 1 rows the mth differences (the second set of rows being at 
least partially different from the first set); then, if the ratio of 
corresponding differences is constant, the determinant vanishes. 



(iv) Let 



...t. 



Subtract each row from the one which follows it, beginning with 
the last but one. Then, if 



I Alia, 



... Af, 
... A(, 



I Am^i, A-u„_i... A( 
the same operation, stopping short at the second 
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Tken, if 


i.'ut-- 


= A^«,+.- 


All,, 




D- 


«„ 


I'l 


.. 1, 








A»,. 


A.. 


.. Al. 








AX, 


A% 


.. A"l, 






i-n- 


. A-B^ 


... A^^, 




Proceed i 


n this way, leaving 


out a ro 


w each time, and we 




fl = 


Wi, 


111 


... (, 








Alii, 


A,, 


... Al, 








AX, 


A"B, 


... A"<, 






A— ti 


. A— 0, 


... A—i, 





where generally : A'wj = A*" 'itj+i — A' 'iff. 

Suppose now that Mj, is a polynomial in x of degree 0, Vx one of 
degree 1, and so on, then all the elements below the leading 
diagonal of D vanish, and 

D = Mi. Ab,. A%, ... A"-'(,. 
For example, if 

• ,(m-l) ...(m-y+l) ^__^j^ 

= l.d.d^..(?'' 

... 1 
(m + rd)„ (m + rd), ... (m + rd), 1 
For here A' (m + (d)( = d'. 



"V 


1.2. 


■P 


JJIo, 


m. 


m,- 


<»+<;)., 


(m4(i). . 


. (m + d). 



6. In a determinant of the form 

0, 1, 1, 1 ... 

1, Oai, «2i, a^ ... 



every clement of which ars is a type can be replaced by 

Are = ars + hr + ^s, 
where h^ and kg are arbitrary quantities, without altering the value 
of the determinant. 
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For tQultiply the first row by h^ and add it to the rth row, then 
in this row the first element is still 1, while in place of Ors we have 
Oj.j + kr- Now multiply the first column by kg and add it to the Bth 
column ; the element in the first row is still unchanged, while the 
element under discussion has become a„ + hr + kg. 

These transformations have left the value of the determinant 
unaltered. 

7. We are now in a position to solve the system of linear 
equations 

ttiiiCi + ctiaa^a + ... + «,„«„ = «!,, 



Take alternate units e-^, e^-.-e-^; multiply the first equation 
by fij, the second by Sj, ... the last by e„, and add the results. 
We thus get 

where jlr = Sttsrea, and U^'^.u^es- 

Multiplying by A^A^ ... An, we obtain 



a'll'lnnl 



Wi, fflia 



and in general x^ is obtained by substituting in the determinant 
\ann\ for the elements of the sth column the quantities u^, u^, ... w^, 
and dividing the resulting determinant by \ann\- 

A system of {n + 1) homogeneous equations in n variables may 
be treated in the same way. We shall return to the subject of 
linear equations later on. ir- / ^ ^ - 

8. If p rows of a determinant whosa elements ajs rational 
integral fiinctions of x become identical when (je = a, then the 
determinant is divisible by {x — a^"'. For subtract any one of 
these rows from each of the remaining p — \ rows ; the determinant 
remains unchanged, but now when a; = « all the elements of these 
p — \ new rows vanish, hence each element divides by k — a, and 
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thus dividing each of the p - 1 rows by this factor we see that 
the determinant divides by {x — a)P~'. 

If when CB = a the rows are not equal, but only proportional, 
the theorem is still true. 



Ex. The value of the determinant 






is |:. + (»-l)a)(«,-o)"-. 

For if x=a the ti rows all become identical, thus the deter- 
minant divides by (x — ay~\ 

Adding all the rows to the first, each element in that row 
becomes {B + {n~l)a, this is therefore a factor in the determinant. 
Thus the determinant divides by 

{a, + {n-l)a](^-a)—. 
This is of the same degree as the determinant, and as the co- 
efficient of te" in the determinant and in the product is unity the 
determinant must be equal to the product. 



y Google 



CHAPTER IV. 



ON THE MINORS AND ON THE EXPANSION OF . 
DETEEMIKANT. 



1, If from the n rows of the array 



, a^ ... a™ 



we select any p rows, and then from the new array which these 
form select p colamns, these when written in the form of a deter- 
minant constitute a minor of the given system. Such a minor is 
said to be of the pih order. 

Since we can select p rows from n in 

n(n-l)..:{n-p + l)_ 

1.2...P " 

ways, and p columns from n columns in a like number of ways, 
it follows that the given system of order n has (jip)= minors of 
order p. 

2. If out of the n —p rows which remain after the above p 
have been selected we take those n ~p columns whose column 
sufUxes are different from those selected in the minor of order jj, 
we have another determinant of order Ji— p said to be comple- 
mentary to that of order p. 
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For example, in the determinant 



Oil, ttia 

I «21, C(^ 



and a^j, a^, «-j5 | 



are complementary minors. 

3. li p = 1, i.e. if wo take a single element, the complemen- 
tary minor is a determinant of order n — 1, which is called the 
implement of the element. This complement is obtained from 
the original determinant by omitting the row and column in which 
the selected element stands. For example, the complement of the 
element a,g, which we denote by A^g, is 



This is sometimes spoken of as a first minor of the given 
determinant. In like manner the determinant formed by omit- 
ting p rows and p columns would be called a ;jth minor : it is 
to be observed that a pth minor is a determinant of order n ~p. 

4 We may extend the meaning of complementary minors as 
follows : From the array in Art. 1 select p rows and p columns, 
then from those that remain q rows and q columns, from those 
that remain r rows and r columns, and so on. With the elements 
in these selected rows and columns form^ determinants; these will 
form a complementary system of minors if 



p + q + r+ ... ^ 
The number of ways in which we c 



1 form such a system is 
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It is of course permissible that one or more of the numbers 
p, q, r ... should be unity; the corresponding minor is then a 
single element. For the determinant 



form such a complementary system, and there are 3600 systems 
of this type. 

5. We have hitherto only considered the product of a set of 
alternate numbers equal in number to the number of units. Let 
us now consider the product 

(a,ie, + a,2e2+ ... +aine„) ... iamiei + amiSi+ ■.■ + awi%); 
this is equal to 

where p, q ... r consist of all combinations in at a time from 
1, 2 . . . K, repetitions being allowed. 

First, if m>n, we must have repetitions in every term of the 
sum, and hence [ii. 12, equation (2)] the whole vanishes. 

If 7n = n, we have the case of ir. 15, and the sum is the deter- 
minant letrnil- 

But if m<ii, the sum is formed by taking for p, g ... r all 
m-ads from 1, 2 ...n and permuting the elements of each m-ad 
in all possible ways. 

Namely, the term 

dijittjg ... am/Spe^ ... e^ 
is got by taking ti,j,ep from the first factor of the product, aa^e^ from 
the second ..., and a™-er froni the last factor, Eut we ahoidd still 
get the product of the units e^eg... e^, though in a different order, 
if we take the^th term of some other factor than the firet, the gth 
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of some other than the second, and ho on. The term of the product 
which multiplies epBq ... e, is thus got from 

by permuting p,q...r in all possible ways, and giving to each 
term the sign corresponding to the number of inversions in its 
second suffixes, p,q ... r being considered the original order. The 
sum of these products is 



Hence the product of the m factors is equal to 






In like manner, if we take the remaining factors necessary to 
form the determinant [ a™ |, we have 






■ «m+a,w 



■■(2), 



', numbers selected from 



where m, ;; . . . w is a combination of n — 
1, 2...n. 

Now multiply the equation (2) by the equation (1) and ' 
obtain 



where from the nature of the alternate numbers e it follows 
that the two determinant factors under the summation sign are 
complementary minors, and v is the number of inversions in 
epCj . . . e^euB^ ... en- or in p,q ...r,u,v ...w. 
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THEORY OP DETERMINANTS 



[chap. IV. 



This theorem, usually called Laplace's theorem, gives the 
expajision of a determinant in the form of a sum of products of 
complementary minors. 

It is assumed in the above that the complementary minors are 
formed from the first m and last m — m rows. Since by a suitable 
change of the order of the rows and sign of" the determinant any 
m rows can be brought into the first m places, this is no real 
restriction. 



For example, we have 



(12) (34) + (23) (14) + (31) (24) 
(34)(12) + (14)(23) + (24)(31), 



d,, rfa. <ii: 

where for brevity 

(12) (34) = I 
In like mannev 



6i. *., i>„ '., t. 



d,, d^.. 



= (123)(45)+(142)(3ii)+(13'l)(25)+(243)(15) 
+ (125) (34) + (316) (24) + (235) (1*> 
+(145)(23) + (126)(13) 
+ (345)(12), 



a, 


Oi 


0^1 


Ih, 


k. 


6. 


Ci, 


C2 


Csl 



7. If when the determinant is divided into two sets of m and 
n — m rows there are w — m columns of zeros in the set of m rows, 
the determinant reduces to the product of the minor of the 
remaining m columns and its complementary minor. 

This is clear, for with the exception of this single minor of 
order m all the others vanish because ihey contain at least one 
column of zero elements. 
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If the set of m rows contains more than n — m columns of 
zeros the determinant vanishes. 

Thus, for example : 



dj, «2 


0, 





K h. 


0, 





c„ »„ 


Cs. 


C4 


<h. 4 


d. 


d. 



0, 


0, 





0, 


0, 





0, 


0, 





d. 


d. 


d. 


ea 


e. 


es 



8. In Art, 5 we resolved a determinant into the sum of 
products of pairs of complementary minors. We can however 
resolve it into a sum of products of as many complementary 
minors as we please. 

For we can divide up the n factors whose product is | Oun \ ^s 
follows : Take the first u, the second v. .., the last w. The product 
of the first u factors would be of the form 

21 a,p, tt,j ... a^y 

or ^D^e^eg ... e,-, 

p, q ...r being u numbers taken from 1, 2 ... ?i without repetition 

and Du a minor of order u from the first u rows. 

In like manner the product of the next v factors would be 
ID-^efeg ... Sk, 
D, being a minor of order v chosen from the v rows. 
Lastly, the product of the in factors would be 
IDyi&i-es . . . et, 
with a similar meaning for the quantities involved, 
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Now form the product of all the factors, taking care to keep 
them in their proper order ; then 



where D„, D^, ... D^ form a system of complementary minors of 
the determinant |(t„„|. 

The sign of the term is determined from the number of inver- 

jJ, q...r,/, fj.,.h, r, s...t. 

9. If in Art. 5 we restrict the first product to the single 
factor 

ane^+ arifi2+ ■■■ +«'™e„ (1), 

the second product becomes 

A^,Ei + A,^E^+...+A,-„En (2), 

where Ars 's the complement of a^ {Art. 3) and 

Eg = e-^e.-i . . . ej-iSs+i . - . e,^. 

For we get a term of the product by leaving out each unit 
auch as e^ in turn, i.e. by forming a determinant with the remain- 
ing n — 1 columns ; and since we previously omitted the rth row of 
the given determinant, this determinant is A^s- 

Now multiply the w — I factors which form (2) by the remain- 
ing factor (1); we obtain 

{-\y-'^\an„\^a„Ar,-a^A.,^ + ... +{-iy"'arsArs+ .... 

For e^,= e,.e,...e,-,es^,...e„ 

= {-iy''e,...e„ = {-iy-\ 

e,E( = if s is not equal to (. 

The factor (— 1)''~' on the leit is accounted for in the same 
way. 

Thus |a„„l = 2(-y+H^,,. 
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For example, 



Ml, Ma, a,, a^ 

K h, h, b, 

I d,, d^, dj, d, 1 



h, h„ b. 



I di, d-i, d. 



OF A 


DETERMINAN 


-e. 


a, 


as. 


a. 




h, 


*., 


t. 




d, 


4 


i. 


-C4 


«! 


a 


«s 




*, 


6. 


I., . 




(i, 


4 


4 



10. In the final equation of Art. 9 A^^ is got from j«„^| by 
erasing the rth row and sth column and writing the remainder as 
a determinant. It is however more symmetrical, and sometimes 
convenient, to give to A^g a different form obtained by a series of 
cyclical permutations of rows and columns. 

In Aj-s remove the first row by a series of interchanges to the 
laat place, then move what is now the first row to the last place, 
and so on, until we arrive at what was the (r — l)th row, which we 
remove to the last place. This introduces (r — l){n— 2) changes 
of sign. 

Now remove the first column to the last place, and so on, s — 1 
times, necessitating (s — 1) {n — 2) changes of sign. In all we have 
introduced 

(r-l)(..-2) + (,^l)(»-2), or (r + ,)n 

changes of sign (an even number of changes being neglected). 
So that, if the new determinant is called A'^g, we have 



and 

where 
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For example, 

I %, Oa, ff^ I = 6, I Cs, C, I + ^i I Cj, Ci I + 6a I Ci, Cj I 

&i, &9, is I a.2, a^ I I as, «! ' | a,, ctj ]' 

In future we shall always write 

and suppose that A^^ has ita proper sign. 

11. We may arrange the complements of the elements of a 
determinant in another square array, and then the two arrays 

4„ A^A 

(1) (2), 



are said to be reoiprocaj . (^ett^ai/nr^ 

If now a sum be formed by multiplying each element of a row 
of (1) by the corresponding element of a row of (2), and adding 
these products together, the sum is equal to the original deter- 
minant or zero, according as the two rows have the same suffix or 
not. Namely, 

(Vijlg! + tt,.gAs5+ ... + (i,„.djrt= |iim| or 0, 
according as r is or is not equal to s. 

For if r is equal to s the sum on the left is the expansion of 
the determinant according to the elements of the rth row, but if r 
is not equal to s the sum on the left is what the expansion of the 
determinant would be, if its rth and sth rows were identical, but if 
the elements of two rows are identical the determinant vanishes. 
In like manner, if we multiply the elements of a column of (1) by 
the corresponding elements of a column of (2), we get 

([ir.^lg + Ojr^iS + . . . + a„r4^, 
and this sum is equal to |u„| or 0, according as r is or is not equal 
to S. ^j 

Kronecker /has introduced the symbol S ,-g to indicate 1 or 
according as the integers r, & are equal or unequal. With this, 
notation, we have 



^) i{.4k^M-(-^~^'}'"^''''^ 



.11^ • 
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12. If all the elements of a row vanish the deterininant 
vaiiiahes, as we see at once by expanding the determinant accord- 
ing to the elements of that row. If all but one vanish the 
determinant reduces to the' product of that element and its com- 
plement; viz. if all the elements of the rth row vanish except Urs, 
then the determinant reduces to OrsAn- 

Thus for example, 



0, 0, a^s.-.a-M 



I 0, 0, 0., 



0," a-i^.-.th^ 



13. The theorem of the preceding article is of use in evaluat- 
ing a determinant by reducing it to one of lower order. If the 
determinant is not of the required form to begin with, it can 
sometimes be reduced to it. We may exemplify this by finding 
the value of the determinant 



Dr- 



b...O (r), 

the suffixes denoting the order of the determinant. The elements 
of the leading diagonal are zero, those to the right of it all equal 
to a, and those to the left all equal to h. 
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If we subtract each row from the one which follows it, begin- 
ning with the last but one, 



i>, - 



, 0,. 



0, 0, 0.,.-(i (r). 
The first column contains only one element, hence 



(<■-!)■ 



a. 


a, 


a, 


a... 


b. 


-a. 


0. 


0... 


0, 


b, 


-a, 


0... 


0, 


0, 


6, 


-a... 



the elements in. the first row s 



thon we 



1 resolve the determinant into the sum of tW' 



b, 


-«, 


0, 


(1 ... 


0, 


6, 


-a, 


0... 


0. 


0, 


b, 


-a... 



0, 
-(I, 0, 



(r-1) 

In the first of these two determinants all the elements above 
the leading diagonal vanish, hence its value is (- l)'~'a'^'. The 
second determinant is of the same form as that to which we first 
reduced D,., hence 

Dr^-hDr-. + bi-ay-y 

This is an equation of differences with constant coefficients for 
Dr, and its solution is 



14. In Art. 11 we saw how under certain circumstances the order 
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of a determinant might be reduced. Conversely we are enabled 
to increase the order of a determinant without altering its value, 
namely, by bordering it with a new row and column in one of 
which all the elements vanish except that common to the other. 
Thus 

|a™| = l 1. 0, 0, ... 

X, Hii , Hi-i , (X)3 . . . 



= (-!)" I 0, 0, ... 0, 1 
, flia, 0,11 ■■■ (tin, ^ 
, fflsa, Mas ... lh«> V 



where the quantities «,»/... are any whatever. By adding on to 
these a new row and column we can raise the order of the deter- 
minant to n + 2 and so on. 

15. In the determinant D = |a„„|, if we suppose only the 
element a^ to vary, since on expanding according to the elements 
of the rth row 

the only variable term on the right is the product ctrs-^ra, we see at 



e that 



da,,'' 



■A,,. 



If among the elements of ^^s only a^ is variable, we see that 

ditfy dufydurs 
um of all terms in D which contain the 






product UfgOrs. 

The differential coefficient 
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is the determinant obtained by erasing in D the rth andyth rows 
and the sth and ^th columns, and is therefore complementary to 

I «/!. % I 

In like manner it is plain that 



- and 



d^D 

do.fri'^s' ■ ■ ■ dapuda,j„ , 

are complementary determinants if 

/, ff...p, q... 
r, s ... u, V ... 
are each of them permutations of 1, 2 ... n, 

apfigi ... fflj,„ttq„ ... 
is a term of the determinant Z). 



i.e. if the product 



ut. da,s at 

If we denote differential coefftcients with respect to t by accents 
we have 

B' = XA^,a'n + 2^«a'« + ■ ■■ 

= I a'li, ttig ... a,n 1 + 1 <hi, (t'la. .-■ Oiii j + ■■■ 



So that .D^js_tl5e.hUUi_of n determinaQts_oht^_n£d,hj:_sji^itiiting 
fo r the ele menta.ofeach coh^pJLJaf-^D4n^w^eog»sioB-tjllax-djiieEe^tiai 
CO effici^ntsjvithres£eiiLt2J^ 

An interesting example of this is to consider the differential 
coefficient of 



accents denoting differential coefficients with respect to (. 
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Each of the first n — 1 determinants ohtaiiied by the pre- 
ceding rule vanishes because it has two coluiuiis alike, the last 
alone does not vanish, so that 
dp 



As another example take the determinant 
Z'„ = l 1, 1 ... 1 

t,\ ti ... tn^ 



Then -^ is got from i)„ by substituting for the elements of the 
rth column 



dBn . 



Hence 

ctidt^ ... dt, 



0, 1, 2(^, Sir' ... («-l)V'- 



2(i, 



'M^ 



0, 1 

2f„-i, t„' 



. W'-' I 



(n-l)t,«--, («-l)^"-^..(w-l)a 

17. We may use the theorems of Art. 11 of the present 
chapter to prove those of Arts. 3 and 4 of Chap. iii. 

If each element of a row of a determinant is the sum of p 
terms, the determinant is equal to the sum of p determinants 
having for their elements the separate terms of the sum in 
question. 

For if 0)-s = Ps + 5s + ■ . ■ + ts, 

then \a„,\ = 2«,.,^„ 

= lp,A^, + tq,A^, + ... + l.t,A^, 
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where P is the detertninaiit obtained from the given one by writing 
Pi< P^-'-Pn for the elements of the rth row and Q ■■■ T have similar 
meanings. 

The value of a determinant is not altered by adding to the 
elements of any row those of another row multiplied by a constant 
factor. For if to the elements of the rth row we add those of 
the ith row, each multiplied by p, the resulting determinant is 
equal to 

S (ars + pOts) -^rs = XarsA^t + platsAra 



the last sum vanishing by Art. 11. 

18. Ifeach s lement o f a^ deterjjiin^ nt c onsists of the B uni_Qf__ 
p terms, we could by continued application of the first theorem in 
Art. 17 reduce this determinant to a sum of determinants whose 
elements are all single terms. But a formula of expansion has 
been given by Albeggiani which presents the result in a more 
suitable form for applications. 

Let a„ = 0^a + C'rg^ + ■■■ + O'rsp, 

so that each element in the determinant is the sum of p terms. 
Then each column of the determinant when written at full length 
would consist of p partial columns whose suffixes are the third 
suffixes of the above elements. With these partial columns we 
can form p determinants, taking all the partial columns with the 
third 8uf6x 1 to form the first, those with the third suffix 2 
to form the second, and so on. We shall denote these deter- 
minants by 



A"", A"" 



. Dj,"" 



> that 



The first two suffixes tell us the row and column in which the 
element stands, the third the determinant to which it belongs. The 
original determinant is denoted by D"". The index in brackets 
tells us the order of the determinant. 
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19. We shall find it necessary to employ the torm comple- 
mentary minors in the following sense. From the elements of 
2>j'"', form a minor Di"' of order a by selecting a rows and columns, 
Then in Da'"* select ^ rows and columns, whose suffixes are 
different from those selected to form Ui'"', these form a determi- 
nant D^'^\ and so on until we take tt rows and columns from Dj,"", 
to form a determinant Dp'"', none of which have the same suffix as 
any of the preceding. Then if 

a + ^+7+--- + '^ = « (!)■ 



shall be called a . series of complementary minors . Any one or 
more of the numbers a, & ... ir may be unity or zero. 

20. We shall now prove that 

where the meanings of tlie summation signs will be explained 
presently. For we have 

i)<"' = n (a„e, + ari&, + ... + a,rJ!n), 

and if llira = ttns^i + O-rsaB^ + . . . + dmeSji , 

D"'» = n(M„ + w„+...+iv) (2), 

the product containing n factors. 

We shall obtain a term of the product on the right if we take 
a factors such as m„, (3 factors suck as m„, ... tt factors such as u^, 
provided the equation (1) is satisfied. 

But from the definition of a determinant this product of 
factors is equal to a determinant of order n tke first a of whose 
rows come from A'"', the next from A'"'j -■- the last tt from Ai''^'- 
Expand this determinant in the sum of products of complemen- 
tary minors of order a, ^...ir selecting the rows of the minors 
from the first a, the next /3, ...the last tt, its value is then 
(Art. 8) 

SA""A'^'-.A'"'. 

with the notation of Art, 19, and the summation sign means that 
we are to take all the possible complementary minors. 
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This is only a single term in the expansion of the product (2); 
the whole product is obtained by summing this for all values of 
a, ,8 ... TT which satisfy the equation (1). 

Thus 7)("> = S£A""0/'-.--Dp"" -....(3). 

21. The number of terms in the sum S is 



Let us compare the expansion (3) with the expansion of the 
multinomial 

The general term is 



where a, ^ ... tt satisfy (1) and 



. (*>, 



Comparing (8) and (4) we see that in expanding the determi- 
nant we replace G by 2, and a, j9 . . . ■jt are no longer exponents, but 
merely indicate the orders of the determinants Zli'"', D^'^>, etc. 

Hence we may write s ymbolicany for the expansion of our 
determinant 

where in every term of the multinomial expansion we replace 
the coefficient by a summation sign, the number of terms in the 
sum being given by the multinomial coefficient and the exponents 
a, ,3 ... TT now indicating the orders of the complementary minors. 
Thus finally we have the symbolical equation 
D("> = (A + A + -. + ■»?)". 
22. Let us make use of this theorem to expand the deter- 



according to products of the quantities z 
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Here we must write 
A'"' =1 a,! ...1 



5l, ... j 
0, 2,.., 1 



! 0, 0...Z,, \ 

Then by the above theorem 
D={D, + A)" 

■ = D,'"' + Si).'"-"!),"* + SZiif-^'A*" + ■ .. + A"". 
Now clearly all minors of i)^'"' vanish except those whose 
leading diagonal is part of the leading diagonal of Dg'"'. 
Thus 

The corresponding minors Di'"-'',2?i *""='... are got by erasing in 
D,<"' the tth row and column, the ith and /rth rows and columns, &c. 

Thus 

I) = A'"' + 2«i 0,'"-" + Sat^ft A'"'" + . . . + «^i£i. . . . 2„. 
Or if we simply denote Di'"' by A> 



If ^1 = s, . . . = s„ we get 

These results may also be obtained by using the generalised 
form of Taylor's theorem. 

23. Any determinant can be written in the form 



i) = 



a^ , O + da ... as„ 



a^ ...0 + a„„ 
We may now apply the theorem of Art. 22 by supposing 

0, CSis ... ffli, 
Oa,, ...ffla^ 

a„, , Otis ... 
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the general term being 



where fl,!"-™! is the minor obtained from S, by suppressing the 
ith, A;th ...rth rows and columns, m in number. 

It is clear that D/^' is zero, for the suppression of (n — l) 
corresponding rows and columns of D, leaves us with one of the 
zero elements in the leading diagonal. 

Ea. If 

I 0, a,s ' = (12), &c. 
I «ai, I 
we have 

I (tu ... a,4 1= OiiOaaajsaM -I" Ouaaa (34) + a„((83 (24) + a„a44 (23) 

+a^^si(14-) + ar^^i(ld)+aTa('u(i-^) 

\ a„ ---a^ I + tt,^ (234)+ 0^^(134) + a^^ (124)-!- ffi^ (123) 

+ (1234). 
As another example we may find the value of the determinant 



D = 



C, a, a, a ... ft 
6, Ca, a, a ... a 
b, b, Ca, a ... a 



b, b, b, b...c„ 
The general tenn in the expansion of this determinant is 

liCiOk ...CrA'"~™', 

where Ci,Ck... c,. are any m elements of the leading diagonal. But 
by Art. 13 

whence, if /(») = (c, - »:) {c, -«:).. . (c. - «). 

it is clear that 

a — b 
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If we write down the similar determinant of order ii + 1, for 
which c„-(-i = 0, after dividing both aides by ab, we get 
o ... ». 1 f{a)-/{h) 
h, c, ... a. 



If we now put b — a, wo get a determinant expression for 

/■(«)■ 

We have seen how to expand a determinant according to 
the elements of a row or column. It is frequently useful to 1 
able to expand a determi nant accort j iji g , t o the elemen ts of a row 
and colnnm . This is effected by means of the following theorem, 
d ue to Caacliy . 

which expands a determinant as an explicit function of the ele- 
ments which occupy the rth row and sth column. 

A,.^ is the complement of ar„ and Bgi is the complement of 
Oii in Ara, and is therefore a second minor of the original deter- 
minant. 

For every term which does not contain a^s must contain some 
other element from the rth row and some other element from the 
sth column, and hence contains such a product as arh(^u< where i and 
k are different from r and s respectively. The aggregate of all 
terms which multiply Un is An ; now a,.ifi4g differs from atgOn: by 
the interchange of the aufSxes k and 5, thus the aggregate of terms 
which multiplies rar*«is differs in sign only from that which multi- 
pUea drtOni, that is to say, differs in sign only from the coefficient 
of Oit in Ars. Hence — Bi^ is the coefficient in question. 

25. This theorem is useful for expanding a determinant 
which has been bordered. For example by this theorem 
bpg, 6p„ 6pa... 
6ij, Oil, a,fl... 



where Ai^ is the complement of o^t in [ a„„ |. 
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By the selection of a suitable bordering we are often able to 
evaluate a determinant by means of this theorem. 
For example, let 






all the elements in the ith column being Oj except that in the iih 
row, which is Xi. 
Then by Art. 14 

1, 0, 0, ... 

1, «!, tV-i, Oj ... 

1, Cti, «5, a^a ... 

Multiply the first column by o.j, and subtract it from the ith 
column; do this for each column, the value of the determinant is 
unaltered, and 



1, a:, - a 


-<h, 
, 0, 


-ttj, ... 
0, ... 


1, 0, 


«3 ~ tta. 


0, ... 


1, 0, 


0, 


5^5 -as, ... 



Here the bordered determinant ii 



0, oh — a^, 
0, 0, 



for which all first minors vanish except those of diagonal elements. 
Hence, in the theorem of this article, we must suppose i — k; if 
/=(a:,-c.,)(a;,-o,)...(^,-o.). 

/■<-) = !■ 



a theorem due to Sardi. 



_D-/+ So,./- («!,.), 
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CHAPTER V. 



COMPOSITION OF ARRAYS. MULTIPLICATION OF 
DETERMINANTS. 



In dealing with rectangular arrays it is often convenient 
an abbreviated nutation. The array 



Cljs . . . d^ 



•^it <^ma ■■• '^mn 



with m rows and n columns is said to be of the type 
may be denoted by the symbol {amn)- 
Associated with this is the array 

an, asi ■■■ ami 



which is called the conjugate of {(1™^), and will he denoted by 
(ctmn)'. This is of type ny. m, and its conjugate is (ffl™^. 

A square array of type m x w in which all the elements are 
zero except those in the leading diagonal may be denoted by [a„„]. 
Another way of writing it is (S„„a„^. 

The array [a^^ is said to be deficient if m<n; redundant if 
m>». When m = H we have a square array. The conjugate of 
a redundant array is deficient, and vice versa. 

Two arrays of the same type may be combined into a sum or 
difference according to the rules expressed by 
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If k ia any constant quantity, the product of k and (cEmn) is 
defined by the formula 

k X (tt™,) = {a„„] xk = {ka^n)- 

2. Suppose, now, that (omj, (b„p) are any two rectangular 
arrays of types m x ti and nxp respectively. Let 

then there are m X p quantities cn, which may be regarded as the 
elements of an array (c,„p). We shall write 

It is to be carefully observed that the order of factors on the right 
is essential. According to the definition (6„j,) (Om^ ^^^ "<* meaning 
unless m = jj; and even then the meaning of the symbol is, in 
general, different from that of (anwj (&«)))■ 

3. When 23 = m, the array (c^p) is square; we propose to find 
an expression for the determinant |cmm]. 

Taking m alternate units ei, e^, ... e^, we have 

Gi = CiiCi + Ci^e^ + ... + Ci^e,a = ctiifii + ih,B,_ + ...+ atJi^, 
where Bi = h^e, + h,e^ + ... + h,^e,„. 

Hence 

There are now three cases to consider ; 

(i) If 1)1 >n, the product last written vanishes, because in 
each term of the expansion at least one factor B,^ is repeated, 
(ii) Ifm = m, 

|c™I = ia„„;n£4 = !a„„l.|6™|. 
(iii) If m<n, the product on the right is the sum of such 
terms as 

^p } ^q J ^-ir ■ ■ ■ I 



. are m numbere taken from 1,2.. 
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j bp„ bp^ ... bj,r. 
&,i, 6,2 ... 65, 
' h„, h„ ... h„ 



SO that, finally, 



where for ji, 1 
n numbers 1, ' 






^mpi ^'mq^ *^W- ' 

,. we are to write all possihle m-ads from the 



The 



case of Art. 3 gives us a rule for e 
the product of two determinants of the rtth order as another 
determinant of the same order; the rule being 

where Cij, = ai,b,i + a^Jt^^ + ... + OiJi.^. 

Since the element at is derived from the ith row of \a„n\ and 
the kth column of |6„„| the product formed by this rule is said to 
be effected according to the rows of the first determinant and 
columns of the secoTid. 

But since in either or both of the determinants |«^„|, |6nn| we 
may interchange rows and columns without affecting their value, 
we see that the product of two determinants can be obtained in 
the form of a determinant in four different ways, viz. the element 
Cit has one of the four forms : 



aub^ + a^bi3+. 



.+ainbbn, 
• + a^bnt, 

■ + Onibin, 

where we multiply the elements of a row of |c(„„| by the correspond- 
ing elements of a row or column of [6nn|", or the elements of a 
column of |a^| by the corresponding elements of a column or row 
of \b„n\. There are really only two essentially d^tinct cases : 
multiplying by rows, when we multiply corresponding elements of 

4—2 



yGoosle 



52 THEORY OF DETERMINANTS [CHAP. V, 

two rows together ; and multiplyiug by rows and columns, whoa 
we multiply the elements of a row by the correspoudiEg elements 
of a column. 

The four forma of the product correspond to the four composi- 
tions («™)(6„^, K«) W- Kn)'(M. K«)'W- The product 
of two determinants of orders n and m.(n>in) can be expressed 
as a determinant of order n by applying the process of iv. 14 to 
increase the order of one of them until it is equal to that of the 
other. 



5. Examples. Compounding the two systems 



we get the theorem 

I o,iP^ + 6igi + c^r,, aijtj + h^q^ + c^r-i ] 



I «2, ^! I 

while if we c 



!P=' 



mpound the systems 



9i. n 



c,pi+C:^pi, Ciqi + c^qi, Cir^ + c^r^ 
;aiii, the product of the two determinants 



a„ S„ 0, 




Pi, 5i, n 


Oa, &a, Cs 




P„ «., 1-, 


%, ts, C, 




P., 5., n 
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is the determinant 

IhPi + ^?i + Ci**!. (hPa + %8 + OiVi, «iPs + h^s + I'l^s 
<hPi + b^i + c^n. ajpi + 65^2 + c^r,, a^p^ + b-z^t + c^r^ 
ttaPi + ^3?i + <^x>'i, "sPs + ^3?! + ^3^, C'iPa + Wis + Ca'^a 



while 



Oi 


ii 


Ci 


dl 


<h 


K 


c. 


4 


aj 


k 


Cs 


d, 


(t, 


6. 


Cj 


d. 



o„ 6„ 0, 


4 




Oa, K Ca 


* 




0,, 6., C. 


d, 




a,, 6i, e. 


d. 





■ j Pi. 9. ! = 



(forming the product by rows and columns) 

= a.iP, + 6iPj, ai5i + 6,52, c,, di 
a^p, + b^pi, a^ir + iiSa. Ca, (is 
OsPi + &3Pa, (ts^i + flags. ",, d^ 
diPi + hiPi, a,qi + 64^5, C4, c?i 



Pi. 


9.. 


0, 





p„ 


9,. 








0, 


0, 


1 





0. 


0, 





1 



Multiplying by rows we have 

I a, h 1 c, d\_\ 



ac+ bd, —ad' + be' \ 
b'c + a'd, b'd' + a'c' I 



Now let a, h, c, d be the complex numbers 



= p + iq 



r + v 



= v:n:, 



and a, b', c', d' their conjugates, a'= x — iy, &c. On multiplying 
out the three determinants we have Euler's theorem concerning 
the product of two numbers each the sum of four squares, viz. 

(a^ + jf' + w' + «=) {p-'+(f + r^ + s% 

= {px ~qy + ru — svy + (py + qi»: + rv-ir suf 

+ (pu + gv — rx — syY + (pv — qu — ry + sicf. 

6, The square array (ttm,i) (Omn)' ^^^ ^°i' ^'•^ elements 
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and, if mt^n, 

iCmm| = S j flip, Chg, a,r ■■■ 1° 



[chap. V 



or the determinant is the sum of n™ squares. If then the elements 
da are all real the determinant \cmm\ can only vanish when the 
determinant under the summation sign on the right vanishes for 
all values of p, q, r... . 
Thus compounding 



with its conjugate, we see that 

I ttiOj + iits + CiO^, Os^ + is^ +Cs^ 



0, 



J., ». j- 



a^ +&i^ +Ci= , (fias + Ms + CA, diOs + 616a + c,c, 
aiaj+6i63 + C1C2, CTa' +6a' + Cs= , Ojaj + 6A + Vi 

aiOa + Ms + CiCj, (taa3 + &a63 + CjC3, a,^ +63° +Cs= 

7. Sylvester has shewn how, by the artifice of bordering the 
determinants as in iv. 14, t he product of two_ d ete rmin ants of 
o rder n can be. represented iu-TLJil .distinct forms. We shall 
illustrate this for the case n = 3. 

The product of the two determinants 





Agam 


0, 


4i, c, ■ 


Oa 


h.c - 


a, 


*., 0. 



ffli. ^1, c, 


p„ qi, n 


«2, 62, Cj 


p., ?., r. 


a„ h. c. 


i^s, q,, r. 



is the determinant of order 3 : 

tSiPi + ii^i + Cir,, aiPa + &i3a + Ciri, aip, + ^^s + "i^s 
a.jPi + 6igi4 CaJ-i, aajla + 6395 + 02^2, ttaPa + ^s^'s + Ca*"! 
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But if before forming their product we write the determinants in 
the respective forms 



«„ 6, 


6, 


- ft 


Si 


0, n 


Oa, K 


c„ 


P. 


1. 


0, r. 


ffs. ^3 


0,, 


P. 


?. 


0, n 


0, 


0, 1 








1, 



their product by rows is the determinant of order 4 : 

ttsPl+^S?!! <t3P2+&3g'2. "■iP3+hqs> ^3 

n , '■■J , ^3 .0 



Again writing the original determinants in the forma 



\, c„ 0. 




6„ 0,, 0, 




*„ c„ 0, 




0, 0, 1, 




, , 0, 1 





y. 


0, 0, 5, 


n 1 


Ft 


0, 0, ,, 


f. 


p. 


0, 0, q, 


r, 





1, 0. 








0, 1, 






V the determinant of order 5 : 



«1PI 


«li>!. ttiPs 


6, 


c, 


O^pi 


«2p!, OiPs 


h 


"a 


a^p, 


OsPs, «,ps 


h 


c. 


?i 


?= , q. 








n 


r, , r, 









their product i; 



while writing the determinants in the forms 
%, h„ c„ 0, 0, 
Oa, b^, Ca, 0, 0, 
%, 65, Ca, 0, 0, 
, , , 1, 0, 
0, 0, 0, 0, 1, 
I U , , , 0, 0, 1 





1, 0, 0, , , 




0, 1, 0, , , 




0, 0, 1, , , 




0, 0, 0, p„ 5,. r, 




0, 0, 0, p„ q^, ra 




0, 0, 0, p„ q„ r. 
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their product is the determinant of the sixth order 
61, c,, 0, 0, I 
6„ Cs, , , : 



[chap. v. 



h, cj, , 0, 
0,0.p„q„r, 



This rule is interesting as giving us a complete scale whereby 
we may represent the prciduct of two determinants of order n by- a 
determinant of any order from n to 2w inclusive; it is also frequently 
useful in applications of the theory. 

8. The fundamental theorem of Art. 3 regarding the deter- 
minant formed by compounding two arrays can be deduced as 
follows from Laplace's theorem, iv. 5. 



We can write the determinant Ic, 
minant of order (n + m), IV. 14, 



1 the form of the deter- 



C,i 


■ ■c™ 


6n 


..6«x 


Cim 


-C^m 


&™ 


..i.™ 





.. 


1 


., 



where cui has the value ascribed to it in Art. 2, 

Now from the ith column subtract the last n columns multiplied 
respectively by Oii, ai^... then from the value of dk it follows 



In the determinant on the right multiply the first m column! 



y Google 



ON THE MULTIPLICATION OF DETERMINANTS 



57 



7-9] 

by — 1 and then move the second m rows to the beginning, then 
(after m + m? changes of sign) our determinant is equal to 

... o^i , 1 ... , ... 



o,„ 


... Om™ 


, 


. 1 





. 





... 


, Ih, 


■ K, 


»„,. 


.4», 


. 


... 


,i„. 


.4.. 


b„,. 


..6., 


ai,m+i 


...o..,« 


1, 


.. 


1 


.. 



Now expand this by Laplace's theorem according to minors 
of the first m columns. Let us find the complement of the minor 






For this purpose we move the rows of a's having the suffixes 
/, 3 ... up to the beginning; then move those columns of 6's which 
have the suffixes/. ^ ...into the (m + l/',(m + 2)"'*... places. This 
does not alter the value or sign of the determinant, and in every 
place where a 1 stood before, will now again stand 1. Hence the 
required complement is 

bf„ hg^...<) I U/„ 63,... ■ 



... 1 
... 1 I 



|«mm| = S I a,/, a,/.. 



where/, g... i 
former result. 



). The value of any minor of order fi of the determmant 
, the product of two determinants |!(iu,! and \bnn\, obtained 
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from (ann) (&™)', s: 



can be expressed as the sum of products of corresponding minors 
of order fi- of the determinants |a„„| and \b„„\. 

In fact, since /* < k, it follows at once from case (iii) of Art. 3 that 
0^ = %'. afi, afj...afr\ \ipi, h^j...hpr\ 



\ . 



where i, 



i, J ...r\s any /i-ad from 1, 2 ... n. 
One particular case of this we shall find presently of import- 
ance; namely, when the two systems a and h are identical, and 
when moreover /=p, g = q, ..,/; = «, so that the leading diagonal 
of C^ consists of elements from the leading diagonal of |c„„|. 



Then we see tbab 






c,.x 




■lit, 
■<V 



a sum of n-p. squares. 

10. The (HfferQntiaLcoafficifiDta, of^a determi nant-i ?. elements 
Ciis, which is the product {effected by rows) of two determinants 
A, B, elements »«, h^,, can he represented as the sum of products 
of differential coefficients of these determinants. 



We have 



AB = C.. 



-in 






Differentiate (1) with regard to ctjj,; remembering that a,, 
are functions of this, we get 



B 



dA dG , 



Multiply this equation by 



"Sc. 



80 , 



as _ 
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and add together all the equations which can be obtained from it 
by writing for p the values 1, 2 ...n. Thus we get 

But by IV. 11 all the sums on the right vanish except ISnph/^p, 
which is equal to B, hence 



Similarly we can prove the equations 

dc^dcr, 1.2 doipdorg db^db'j ^^'^ ' " ■ ■ '^'' 

d'C 1 „ d'A d'B 



dcitdcpjdcrs 1.2.3 5ct;„a(ip„"aa™ db>^dh^,dh^ 

{u,v,w = l,2...n), 
whence the general law is obvious. 
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ON DETERMINANTS OE COMPOUND SYSTEMS. 

1, If the elements of a determinant are not simple quantities 
but themselves determinants, the determinant is called a compound 
determinant. 

Compound detortninanta are usually formed from the minora 
of one or more determinants. 

2. The number of all possible minors of order m of a given 
determinant of order n ia [rtmY (iv. 1). We can form a square 
array with these minors, writing in the same row all those which 
proceed from the same selection of rows of the given determinant, 
and similarly for the colunms. 

If nm= H and we give to the combinations of rows and columns 
taken to form minors the suffixes 1, 2 ... n, we may denote that 
minor whose elements belong to the ith combination of rows and 
_;th combination of columns, by py, and the whole system of minors 
will be 

pi, ---p,^ ] 

(1). 



p^^...p^^ I 

Corresponding to each element in this array, which is a minor 
of the original determinant, we have a complementary minor of 
order n — m. We shall denote the complement of p;j by qij, then 
these form a new array,. 

(2). 
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The arrays (1) and (2) are called reciprocal arrays of the mth 
order. Minors of these arrays formed from the same selection 
of row.s and columns in each are called conjugate minors. The 
simplest instance of two such arrays is the original system and 
its system of first minors, viz. 

a,i ... am Ajt ... A,n 



3. If we multiply the elements of the ith row of the array 
(1) by the corresponding elements of the ^th row of (2) the sum 
of the products is equal to A or zero according as i is or is not 
equal to k, viz. 

Piiqk, + Phqk'2 + ■■■+ pi^qk^ = ^ikA ■ 

For if i is equal to k this is nothing else than the expansion 
of the given determinant A according to products of minors of 
order m and n~mhy Laplace's theorem. If i is not equal to k 
the sum represents the expansion of the determinant when the ith 
selection of rows is replaced by the /cth ; the rows of this deter- 
minant are not all different, hence it vanishes. The particular 
case 

ai^Akx + ttfe-^ia + . .. + UinAkn = S^^A 

is considered in iv. 11. 

4, We now proceed to investigate properties of determinants 
of the elements of reciprocal systems, and first we shall examine 
the system of the first order. 

Let A = |a„„|, Z) = U„„|. 

Forming the product of these two by rows, 

AD=\C^^\, 

where Ct4==Miivlii + 0^.^12+ ... -I- ai„Aif,i, 

and hence C^'^A or according as i is or is not equal to Jc. 
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^, 


0, 


0... 


0, 


A, 


0... 


0, 


0, 


A ... 



[chap. vr. 



5. Any minor of order p in the system Ajj, is equal to the 
complementary minor of its conjugate in A multiplied by A'^^. 

Let 

2±a/,;api... = i aji, a^f- I 



and % ±AfiAg!c...\>e. two conjugate minors in the two systems 
each of order p, and let S ± cf^ajB ... be the complement of 



2 + Oft%i.. 



O/i. «/s- 


.%«. a/.-. 


agi, a,gk ■ 


. V. «ff» - 


Ori. Ork- 


. a™. (1,1 ■■- 


Ctsi. «.t ■ 


- «s«, "m ■■■ 



1 or — 1 according to circumstances, 

2 + ttyiM^jt . . . ar^asv ■ ■ ■ 

(1). 



We may write 2 + (i™asv-- =coS + cr^aj,i — 
Now we may write 2 + ji/ijl^t ... as the determinant of order «., 
, Aft ... Afu, Afc 



^3 


, A„. 


■ A„,A„... 


0, 
0, 


. 

. 


.1, ... 
. 0, 1 ... 



which consists of four parts. The first square consists of the 
elements of S ± Af^Ag^ ... ; to the right of this is a rectangle of 
n — p columns and p rows containing the remaining elements of 
the/th, jfth...rows of |-4„„|. The rectangle on the loft below 
of p columns and n — p rows consists solely of zeros, aud the 
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63 



square on the right oi n — p rows and columns contains units 
in the leading diagonal and zeros elsewhere. Multiply this by 
the determinant A written in the form (1) ahove. Then (iv. 11) 
we have 



eA^±AytA,,... 



A, ... af^,, Qfv ... 
0, A...a^, a,,... 



0, ...a™, ar„ ... 
0, ... a^u. a^ ... 



= Ai't±a^a,,... 

if we resolve the determinant on the right into products of minora 
of the first p and last n—p columns. Accordingly 

l,±AfiAgk ... =.dP-"coS tafiUgic... 

where it is unnecessary to retain the factor e, provided that we 
make a suitable convention as to the signs of the determinants on 
each side (cf. iv. 10). 

From this it follows that the ratio of two minors of the same 
order of the system Anc is the same as the ratio of the comple- 
mentary minoi-a of their conjugates, 

'ttAfjAg!,.. . _ C0S + (t/{%A.. . 

S ±AiaA^q ... CO 2 iatjOpj... ' 
6. As examples of the theorem in Art. 5, we have 

Aii ... A^p j = A^ ^ I Op+i^p+i ,,. (tj,+,,n I 
I -^jil ■■■ -djyp I I an,ji4-i --.(hin 

j -^p+l, ji-i-l -- ■ -^p+l,n = _^"— P- \ 0^-^ ... Ojp 
I -^In.p+i ■-- A^a^ I ([p^ ... CTpp | 

The relation 

I Aa, Ai^\ = Aco]aij„ Ois 1 



I A,,,, Ar, 1 



^rk, Ortl 
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may a\so be written 






in particular 








dA 


dA 


dA 




da.-,,.-: 


,3o». 


3ii.-,,» 


It jI 


= 0, we 


see that 



That is to say, if the deterininant vanishes, the minors of the 
elements of any row are proportional to the corresponding minors 
of the elements of any other row. 

7. As an example of the use of the method of Arts. 20 and 
21 of Chap. IV., let us discuss the value of the determinant 

anc and 6^^ being elements of two determinants of the n.th order 

^w = ia,-,|, £'"' = ! 6^1. 
Symbolically we can write 



^'HMJ- 



Now let ^,"", £i"" be two determinants of order w, whose 
elements are 

then by Art. 4 






md similarly Bt'^- 
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Or, symbolically, 

Thus P = A«B" (XBi 4- ^^0"- 

But (XBi + /iAiY is the symbolical expression for a determi- 
nant of order n with binomial elements of the form 

Hence, passing from symbolic to real expressions, we have the 
determinant equation : 

I \a«: + fihik I = ! Oii: 1 ■ 1 ^is I ■ I 'X0ik + M»i4 !■ 

Numerous other transformations of the determinant on the 
left can be effected. 

8. Next let us consider reciprocal arrays of order m. With 
the notation of Art. 2, let 

where, as before, p,=-n,n. 

The product AA' is a determinant of order p. whose general 
clement is 

Pftfe +piiqks + ■■■ +pwqk^, 
which is equal to .d or according as i is or is not equal to k. 
(Axt, 3.) Hence in the product determinant all the elements 
vanish except those in the principal diagonal. 
Thus AA' = ^^ 

lb follows therefore that A is a divisor of A'^. Now ^ is a 
linear function of any one of its elements, hence A can only differ 
from a power oi A by a coefficient independent of the elements 
of A. Among the combinations m at a time of the numbers 
1, 2 ... w there are 

X = (»-l)„, 
which contain 1. Hence there are X elements of A, which contain 
ttu, and consequently 

A = xA\ 
where x does not depend on the elements of A. 
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To determine the value of x, lot ttit^O except when i— k, and 
let a,ii — 1, The same will be the case with the elements p^^ ; 
.-. A=l, A = l, and .-. x = \. 

Thus A = ^i«-ii_i^ 

and A' ^^c-it™ 

for ,i^-(«-l)^_, = (w-lV. 

9. A minor of order r of the system g^t is equal to the cum- 
piement of its conjugate multiplied by A''~''. 

For if we multiply the determinant 2 ± g/ig^t .--by the deter- 
minant A in the same manner as we did in Art. 5 foi' systems of 
the first order, we get : 

^2 + g/i5ys--- = ^'"co2 \ffifg^...\ 
and therefore, since A = A*-, 
2 ± 1}i<lsh ■ ■ ■ = ^"'^ CO 2 ± p/iPsfc . , . = J'^<"-'t»-i eo 2 ± j)/ip„j, .... 
In like manner 

2 ± "Pfifah ■ ■ • = A-'-i^'-^i" CO 2 ± 9/i9^fc .... 
10. Let Ajt, be a minor of A, with h rows and columns. From 
this let us form the determinant whose elements are all the minors 
of order w, of A^- These last are minors of order m of A, and are 
consequently elements of A. Moreover, those among them which 
arise from the same rows or columns of A, and are hence in the 
same row or column of A, also arise from elements belonging to the 
same row or column of A^,, which is a minor of A ; altogether 
they form a minor M of A, which has h^ rows and columns. Now 
by Art. 8 we have 

which gives a representation of minors of A by means of powers of 
minors of A. 

11. If in the determinant A we select a minor Aji of order h, 
and form all the minors of order m in A (m > A), which contain 
neither all the h rows nor all the h. columns of Aj^, we shall form 
a minor of A with n^ — (n — K)m--h, rows and columns, which is 
equal to 

^(«^ft-iW. ^{(«-i)„-i-(»-ft)»^} 

where A^-h is the complement of A^ in A. 
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To prove this, we begin by applying the result of Art. 10, with 
the substitution of An-h for A^, {n - m) for m, and A' for A. 
Instead of M we now have a determinant M' which is a minor of 
A' containing 

rows and columns. 'J'he value of this is (since n-k>n~ m) 

Now let us consider %, that minor of A whose elements are 
the complementary minora in A of the elements of M'. Since M' 
has for its elements all tho minors of A„_ii which are of order 
{n — m) it follows that the elements of a, are all the minors of A 
of order m which have jI^ as a minor. The order of Oj is 
(n — A)j„_ft, and hence by Art. 9, if a is the complement of 
«! in A, 

The theorem is therefore proved, if we can shew. that a is 
formed as prescribed. For this purpose we must remember that 
Oi has for elements all minors (of order m) of A which have jI^ for 
one of their minors ; to get a we have then to suppress among the 
combinations m at a time of the rows and columns of A all those 
which contain all the rows or columns of Ah \ thus a has for its 
elements all the minors of A with m rows and columns, such that 
they do not contain all the h rows or columns of A^. 

12. If jlft is a minor of order h of A, and if we border it in 
all possible ways with m of the remaining rows and columns of A, 
we get the elements of a new determinant M^ of order (n — h),^, 
whose value is 

Let us put, for the moment, n = h + k, and write A and its 
reciprocal in the abbreviated forms 

,_ IM Ml „_| (■*••> WJj 

where | tt,,ft | = Af^. 
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Consider the determinant of order k^ whose elements are all 
the minora of order (fc — m) of |Diit|. It follows from Art. 8 that 
its value is 

since, by Art. 5, \D^\ = A^-^Ah, and {k - 1)4_„_, = {k - 1)^. 

But any element ftj of the determinant, as being a minor of li 
of order (fc — m), can be expressed by Art. 5 in the form 

where a^ is an clement of M.^. Consequently (putting /j,„ = X) 

Equating this to the value of j ^^y, \ previously obtained, and 
observing that 

(A; - 1) (^ - 1),„ ~-{k-m-l) k^ = {k- l)^_i. 

we find that 

M^^A}*-'^-.A*-'^-\ 

which is equivalent to the theorem stated at the beginning of this 
article. 

13. Another way of stating the proposition is the following : 
If Ah is a minor of order k of A, and we form all the minora of 
A with m rows and columns which have it as a minor, we get 
the elements of a new determinant of order (n--k)„i_h, whose 
value is 

In the particular case of m = ^ + 1, the theorem is 

Mr^Ak^-l-'-A, 

and the elements of Mi are determinants obtained from A^ by 

adding one extra row and one extra column: or, which is the 

same thing, they are those minors of A which have Aji for a first 

The results of this article are due to Sylvester. 

14. Another modification of the theorem of Art. 12 can be 
obtained as follows : Let us return to the determinants A, A' of 
Art. 8, and form a determinant M' with the minors of An-h 
of order n—m; this is a minor of A' of order ()i — A)™--ft- 



y Google 



12-16] OH DETERMINANTS OF COMPOUND SYSTEMS 69 

The conjugate minor in A has for elements those minors of A 
of order m which are complementary to the elements of M', and 
hence all those which have jI/, as a minor. This is precisely the 
determinant of Art. 13, Whence the theorem can be stated as 
follows : If jl„_ft is a minor of A of order n—h, and if we form a 
determinant M' with all the minors of order n-m of A^-h, and 
then replace each element by its complement in A, we get a new 
determinant, whose value is 

if == ^fti»-*-^>"-' . A f-^*-"' — '. 

16. If now we form all minors of A of order n — m{m>k) 
such that neither all their rows nor ail their columns belong to 
An-h, which in A therefore overlap J.„_a or belong altogether to 
Ah, these form a determinant N of order ii„ — (n — h)m-k which 
is equal to 

First notice that this is essentially different from the theorem of 
Art, 11, applied to A/^. There the determinant is formed with all 
the minors of the same order of A with more elements than A/^, 
and which do not admit ail the rows and columns of A^. Here 
the determinant is formed with minors of the same order of A 
with fewer elements than An-h< and which do not admit all the 
rows and columns A„_(,. 

To prove the theorem it is sufficient to consider in A' the minor 
N complementary to M in A'. For N is exactly formed with 
regard to A„_k as the enunciation prescribes ; it has n™ - (« — h)m-h 
rows, and by applying to it the theorem of Art. 9, 

iV 

.-, iV=itf^l''-"»-l''-''l-'-«; 
or, replacing M by its value, from Art. 14, 

16. The theorem of Art. 15 may be stated in a different way, 
which perhaps brings out more clearly its contrast with the 
proposition of Art. 11, 

Suppose as before that Af^ is a selected minor of A, of order h. 
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Let m<h, and construct all the minors of A which are of order m 
and contain at least one row and at least one column not composed 
of elements of A/^. With these minors as elements we can form 
a determinant of order n,^~k^, the value of which ia 

Ah-l).-i ^(«-lW-i-(ft-lk-i 

This is at once obtained from the result of Art. 15 by substi- 
tuting m — m for m and n — A. for h, and observing that 

(h - IV, = (* - 1)„, (« - 1)._ = («-!)„. 

17. Netto haa given a theorem which may be regarded as an 
extension of Laplace's formula (IV. 5) for the expansion of a deter- 
minant as the sum of products of minors. 

Let a determinant of order (n + m) and its reciprocal be 
represented by 

|(0 ftji „_|(4..J (^-)'i 

l(o wjr l(u,.„) p..)!; 

and let \a^\ be denoted by An- 

Let k integers ra-i, ?%, ... jji^ ^^ chosen so that 
mi + mi+ ... +mic='n. 

If we choose minors of A^ of orders nti, m^, ... rn^ formed out 
of elements in the first mi rows, the next m^ rows, etc. and denote 
them by S^,, 8^, ... S^*, Laplace's theorem gives 

An = t±h^,K^...Kt. 

Now S^ is obtained from A„ by the suppression of (ii — mi) 
rows and (jj — nii) columns ; let A,^ be the minor of A obtained by 
the suppression of the same rows and columns. Then the theorem 
in question is that 

2 ± A™, A™, ■ . . Am. = -i ^™'^S 
where i),„ = | d^^^\, the complement of j1„ in A. 

To prove this, let us, in the first place, apply Laplace's theorem 
i the reciprocal of A^. Thus 
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where S'm, is the conjugate of 8^ in the reciprocal of A^. But if 
Sn-mi is the complement of Sg^ in A^ 

consequently 

whence 

Next we observe that by Art. 5 

the complement in R of the conjugate of Aj„i- Now this is 
a minor of \A^\ ajid by applying the preceding lemma to |^„„] 
instead of to A^ we obtain 

2 ± A'„-™, A'„-^ ■ . . A V™* = I ^„„ I *-' = ^ '"-" >*-" ^m*"' ■ 
Substituting for A'„_^ its valne given above, and making use 
of the relation 

%(n-m,-l} = k{n-l)-7i = (n-l){k-l)-l, 
we have finally 

2 + A™^A„.,.,.A,^ = ^Z)^'=-^ 
as stated. This proof of Netto'a theorem is due to Pascal, 

18. The theorem of Art. 13, in its simplest case, may be used 
to prove an important identity discovered by Kronecker, 

Suppose we have a determinant of order 2A+ 1 

I {Ch+i,h) (4+1. A+l) I 

the elements of which are all independent. 

l-^et \a^\ = A, and let A/,^ be the determinant of order (h + l) 
obtained by bordering A with elements taken from the row and 
column to which d^^ belongs. That is to say, 
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-dr,A, 



-d,,A, 



■■A,j,. 



= 



Y Sylvester's theorem 



But f 
expression i 



I A^+r_-,-di,+,,,A, Ai,^,_,-du+>,,A....Ai^^ 
ideiibically. 

The proof is almost immediate, 

Mfc+j.A+i|=-D-d''; 
now suppose all the elements d^j^ to become zero, then D vanishes, 
as we see by expanding accordiog to minors of the last h + 1 rows, 
-diiiA is independent of the coefficients d^i this 
I fact the value of ^^^ when all the coefftcienta 
Hence 

\A,^~di^A\ = 0, {i,k = l,%...h + \) 
and this is an identity on account of the independence of the 
{Sh^ + %h) quantities which it involves. The method of proof here 
followed is due to Frohenius. 

19. There are various interesting theorems about deter- 
minants derived from two other independent determinants. One 
of these, due to Kronecker, is the following. 

Let A^\ann\, B=|6^^|, and let us form all the m%^ 
products 

then with these products as elements wo can construct a deter- 
minant 

of order mn, in such a way that all the elements Oijbj^ with 
constant i, h are in the same row, and all those with constant j, k 
are in the same column. This being so, the value of G is 

of generality we may suppose C to have 



Without . 
the form 






dan e*™™) 



I ««1 {&««)" «'n,Kr.)...<lnn(h,„„) 
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If, now, we form minors of order m out of the fii'st m rows of 
G, all those which do not vanish will contain B as a factor. Thus, 
for instance, the minor formed from an (&min) i^ fhi"^^ i if '^^ re- 
place the first column by the first column of an{l>mni> ^^ S^*' 
Oa'^^aiiB, and so on. The same argument applies to minors 
taken from the next m rows, etc. 

By the generalised form of Laplace's theorem (iv. S) we may 
expand C as a sum of products of n-ads of minora of order m 
chosen from the first, second, . . . sets of ni rows. Since each of the 
minors vanishes or is divisible by B it follows that C is divisible 
by B". In exactly the same way O is divisible by A"^, and the 
theorem now follows by a comparison of dimensions, and the 
consideration of the case when aii = bii=l and all the other 
elements are zero. 

20. We shall now suppose that we have two independent 
determinants, each of order n, 

A = \a^\, £ = |t„„l, 
and that for each of them we have formed the systems of 
^=(=tt,„2) elements discussed in Art. 2; the systems for A 
being denoted by (p„J, {q^ and those for B by (p'^.). (sW)- 

We can form two new systems each of fi^ elements as follows. 
If I is a fixed integer the quantities p'n: are minors chosen from a 
particular set of m rows in B. In the determinant A replace, in 
turn, each selection of rows m at a time by this fixed selection of 
rows in B. This will give us ^ determinants, each of order n, 
which we shall denote by ta, tj^, ...tj^. 

Again let & be a fixed integer, and in B let those rows from 
which the quantities p'lj are derived be replaced in turn by each 
combination of m. rows of A ; the determinants thus obtained will 
be called u^, mj,, ... mju. We have, then, two new s 



Then by Laplace's theorem 
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whence by Art. 3 



iilPu + k-iP-a + . . . = p'iiA 
Uipi2 + thp^ + ...- p'i^A 



and therefore 

Uiiiki + traWfca + ... = A {p'nq'ti +Piiqhi + .-.) = hikAB. 
That is to say, by compounding the tth row of 1}^^) with the 
Mih row of (tt^), we get AB or afieording as i is or is not equal 
to k. 

21. "Write now 
then, by the result of Art. 20, 

(Art. 8). 

Again let 



*M 'to ■ ■ ■ ^M 4, ft+1 • ■ ■ hf. 
... 1 ... 



... ... 
then, forming the product TiJJhj rows, and applying the results 



T^U={ABf 






= {ABfU^^, 
where ?7^_(j is the complement of (7,, in f/. 
Substituting its value for U, we have 
U^^jTt, = A^'B^^, 
where Xj = (n - !),„_,-/(, \,, = {n-\),n-h. 

Thus the ratio of complementary minors of T and P" is a power 
of A multiplied by a power of B. 
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CHAPTER VII. 

AEITHMETICAL PROPERTIES OF DETERMINANTS. 
ELEMENTARY FACTOEH. 

1. A DETERMINANT is a rational integral function of its 
elements, and as such will have certain arithmetical properties 
dependent upon the field of rationality to which the elements 
belong. 

If the elements are independent and arbitrary symbols, the 
determinant is irreducible, and so are all its minora. This is 
easily proved by induction ; for the expansion 

A = \a„„\ = ai,A-a + <h!i-^yi+ ..- + a,n.di„ 
shews that if A is reducible one of its factors must be a common 
divisor of Ai^, Aj^, ... A-^„. But these are determinants of order 
(n — 1), each with arbitrary elements, and distinct from each other; 
so that if the theorem is true for the order (w — 1), it is true for 
the order n. Since it is obviously true for jj.= l, it is true in 
general. 

But the case is different when the elements belong to a field 
of a more special kind. For instivnce, if the elements are ordinary 
integers, the values of A and its minora are also integers, none of 
which need be prime. So also, if the elements are polynomials 
in ic with integral coefficients, A and its minors are functions of 
the same type, and the nature and distribution of their irreducible 
(or prime) factors i-equire special examination. 

2. It will be supposed that in the determinant |ajt,i|, or A, 
the elements are all integral and rational in a certain defii>Jite 
field ; then the same will be true of A and all its minors. It* will 
be further assumed that every integral quantity in the fie)-d can 
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be uniquely resolved into a product of prime integral factors. It 
follows from this that a given set of integral quantities possess a 
definite highest common factor, which can be found, as in ordinary 
arithmetic, when the resolution of the given quantities into prime 
factors has been effected. 

For the present it will be supposed that the value of A is 
not zero : it follows that its minors of order tn (< n) cannot all 
simultaneously vanish. 

3. Consider, now, all the minors of A which are of orcier a: 
They will have a certain highest common factor; this will be 
denoted by D„. Altogether, we have n integral quantities 

A, A,--. -D„, 

which we shall call the determinant factors of A. In particular, 
Bi is the highest common factor of the elements of A, while D„ is 
A itself The determinant factors are all different from zero. 

W^shall now prove that Z>„is divisible by D„_i. 

This follows from the fact that, when any minor of order a ia 
expanded according to elements of one of its rows, each element 
is multiplied by a minor of order {a — 1), and this is divisible by 
jD„-i- We shall write 

With the convention that Dt, = \, we thus obtain a new set of 
integral quantities 

which will be called the elementary factors of A. It will be 
noticed that Ei = Dj, aod that 

A=E,E^...E^. 

4. It is clear that no prime can divide i>, which is not also 
contained in A. Let p^' be the highest power of the prime factor 
p which is contained in D„, Theii since D, is divisible by Do-_i it 
follows that 

so that if we write 

with the convention that /o=0, we have the integers 
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none of which is negative, while 

e, + e^-+ ... + e, = C- 
In this notation 

E. = Tip'-, 
the product extending to all the different prime factors of A. 

The values of D^ and E^ are not affected hy interchange of 
rows or of columns in A ; for this does not alter the values of the 
minors of order a (except possibly in sign, which is immaterial) 
but merely produces a permutation amongst them. 

B. If p is any prime factor of A there will be at least one 
minor of order a- which is divisible by p " but by no higher power 
of p. Such a minor ia said to be regular with respect to p. 

We shall now prove by induction the following three im- 
portant propositions: — 

(i) Every minor of order a- which is regular with respect 
to p has at least one first minor which is also regular. 

(ii) Every regular minor of order (cr — 1) is a first minor of ■ 
at least one regular minor of order o-. 

(iii) The indices e; associated with the prime factor p 
satisfy the relation 

First of all we choose a non-vanishing minor of A which is of 
order p (> 2) ; let this be 

M = \aM\ {k = h„ h„ ... h,; i = i„ ^;, ... v). 
Let p'^" be the highest power of p which is contained in all 
the minors of M which are of order <r. Choose a minor of M, of 
■ order (p — 2), which is divisible by jj^f~' but by no higher power ; 
and let this minor be called T. Then {vi. 5, 6) we have an 
identity 

MT = PS-QR, 

where P, Q, R, S are minors of M of order (p — 1). Now MT is 
divisible by p^c+^p-'' and by no higher power of p, while PS - QB 
is certainly divisible by ^ ^f"' and possibly by a higher power; 
hence 
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and therefore 

■^p-Xp_i^Xp_i-\B_s. 

Assuming that proposition (iii) has heen proved for all values 
of CT up to (p — 1), it follows that 

Next we take any minor of A of order (p — 1): let this be 

From this we can construct, as in VI. IS, a determinant Lm by 
bordering L with elements of M taken from the row and column 
in which aM occurs. Then by Kronecker's theorem (I.e.) 

\LaM-LHi\ = {h = h„ Ih, ... h^; i = i",, 4, ... i,), 
i(ientically. Expanding in powers of L, we have 

L''M = L'-'M, + L''~'M,+ ...+M, (1), 

where M^ is a homogeneous function in the quantities Lm, with 
coefficients which are minors of M of order (p — cr). 

Suppose, now, that p' is the highest power of ji contained in L, 
and p'' the highest power contained in the highest common factor 
of all the determinants i).^. Then L''~'' Mg contains p to at least 
the power t„, where 

T„ = (p - 0-) i + I' a + X^_, (<r = 1, % ... p). 

while i''Af contains p exactly to the power 

Hence t,+i - t^ = {I' -I)- (X^_„ - X,-^-,} 

by what has been proved and assumed with regard to M. It 
follows from this that 

l''l4\-\--i (2), 

because otherwise we should have 

Tp>Tp_, > ... >Ti>To, 

and then every term on the right of (1) would contain p to a 
higljer power than the term on the left, which is impossible. 
The relation (2) may also be written 

\+l>Xf-.i + l' (3); 
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now if p™ is the highest power of p contained in all those minors 
of A of which i is a minor, and which arc of order p, 
I' > m, 

and consequently \ + l'^ Xp-, + m, (4). 

We will now suppose that L, M are regular with respect to p. 
Then 

and the relation (3) becomes 

Now V>lf, X^_i^;„_,, 

because minors of i, M are also minors of -d ; so that the three 
conditions, taken together, lead to 

l' = l„ Vi=;,_, (p = l, 2, ...p). 

We have proved, then, that if l — la-i then I'^l^; this is 
equivalent to proposition (ii). It has also been proved that if 
Xp = f^, then A,p_i = i^_i; this is equivalent to proposition (i). 

Finally, the relation 

previously established for M, becomes 

l„-lp-i>lp-i--l'^-i., 
or, with a change of notation, 

which is proposition (iii) for a — p. 

Since each element of A is divisible by p'^, every minor of 
order 2 is divisible by p^^, so that 

which proves (iii) when tr = 2. All that has been assumed for the 
purpose of the induction is the truth of proposition (iii), as applied 
to ilf, for (T = 2, 3, ... (/J— 1); thus the demonstration is complete. 
From the supplementary relation (4) we infer another pro- 
position, namely : — 

(iv) If Sp and yS^_i are any two minors of A of orders p and 
(p — 1) respectively, then SpS^^, is divisible l^ the product of the 
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greatest common measure of all minors of Sp which are of order 
{p - 1) by the greatest common measure of all those minors of A 
of which jSp_i is a first minor, 

6. It has been supposed hitherto that the value of A is not 
zero. We shall now remove this restriction. 

Unless every element of -^4 is zero there will be at least one 
complete system of minors of the same order which do not all 
vanish ; while if eaoh minor of order m vanishes, every minor of 
higher order will also vanish. Thus there will be a definite 
integer r snob that not all the minors of order r vanish, but ail 
the minors of higher order do vanish. This number r is called 
the rank o f the determinant A. If all the elements of A are 
zeros, it is convenient to say that A is of rank 0. 

When A is of rank r(<n), the modification which has to be 
made in the foregoing theory is to put 

Every prime factor of B, will be associated with r finite 
indices e^, e,, ... e, such that 

and if we put e, + e.i-\- ... + er = I,-, 

this is the index of the highest power of the prime contained 

in Dr. 

All the propositions of Art. 5 remain true, and the proof of 
them is still valid; in the enunciations, however, it must be 
understood that p or a, as the case may be, does not exceed r, 

7. The term elementary factor {or elementary divisor) has not 
always been used by different writers in the same sense. Some- 
times it means one of the quantities Eg, sometimes one of the 
powers p''". Frobenius refers to E„ as the nth elementary factor 
of A, while by an elementary factor he means one of the powers 
p^". It may be convenient occasionally to refer to p^" as an 
elementary power-factor, or simply a power-factor of A : but as 
a rule we shall follow Frobenius's terminology. Of course the 
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system of the quantities E, determines the quantities p''" and 
conversely. 

8. Suppose that A = j «„„ | and B = ] f)„„ | are any two deter- 
minants of the same order, with elements all belonging to the 
same field. Let their product be expressed, in one of the usual 
ways, as a determinant 0=jc„n| of the same order n. We shall 
now prove that the trth elementary factor of C is divisible by the 
o-th elementary factor of each of the components A, B. 

To fix the ideas, assume that the product AB has been formed 
by compounding rows of A with columns of B. 

Let Bp, Gp be two corresponding determinant factors of S, 
and let (3^, y^ be the exponents of the highest powers of the prime 
p contained in them. Since every minor of can be expressed 
as a linear function of minors of B it is clear that 7,, > /3„ and 
consequently Cf, is divisible by Bp. What has to bo proved is that 

Take L a regular minor of B of order (p — 1), and M a regular 
minor of G of order p. Let us write 

J^=|c/,i[ (h = hi, hi, ... hpi i = ii, i^, ... i^). 
We proceed to apply to these minors exactly the same 
ailment as that applied in Art. 5 to the determinants there 
denoted by L, M. Instead of the determinant there denoted by 
A wo shall now use a determinant of order (2p — 1) which may 
be briefly written in the form 

(«) («) 1" 

where (P) is a matrix taken from B, with suffixes 

(j,,i), (i„>). ... (i.,i,) 

(j.-., •.). (j«. '.), ■•■(ip-i. i,). 
and (Q) is a matrix taken from G, with suffixes 
(*,, h), {h„ i,), ... {/.„ t,_.) 
(/i„'it,), (*„' t,), ... (*„'i„). 

8. D. 6 
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Instead of the determinant L^i of Art. 5 we obtain one which 
consistK of the new L bordered in such a way that the last row is 

while the last column, read from the top, is 

If, now, p^' is the highest power of p contained in all these 
last determinants, the formula (3) of Art. 5, applied to the present 
case, gives 

But each of the determinants corresponding to tj,; can be 
expressed as a linear homogeneous function of minors of B of the 
order p ; hence I' > 0p and consequently 

or 7p-7,_i>ft-^^., 

This proves that every elementary factor of G is divisible by 
the corresponding elementary factor of B, By similar reasoning 
it may be shewn that each factor of A is contained in the corre- 
sponding factor of G. 

The theorem may be obviously extended to the ease when G is 
compounded of three or more determinants of the same order and 
belonging to the same field. 

9. A very important special case is when the value of one of 
the determinants A, B is unity. Suppose that A = 1 ; then the 
elementary factors of G are identical with those of B. 

To see this, let E^ and EJ be any two corresponding ele- 
mentary factors of B. G respectively. Then, by the theorem of 
Art. 5, EJ is divisible by E„. But since {A) is a unit matrix, we 
can find another matrix {A), with integral elements, such that 

(A){A)=[\l 
and hence (1) (C) = (A) [A) (B) = (C), 

identically. Therefore E^ is divisible by EJ, and finally EJ = E„. 

Two determinants of which one can be identically transformed 
into the other by compounding it with a unit determinant are 
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often said to be equivalenL Thus equivalent determinants have 
the same elementary factors, and therefore also the same deter- 
minant factors. 

10. It will now be supposed that the elements of the deter- 
minant A arc ordinary whole numbers. We shall prove that it is 
possible to find two unitary matrices (P), (Q), such that 

where (S) or[A'„] denotes a matrix of which the principal diagonal 
consists of the elements Ej, E^, ... E^ (the elementary divisors of 
A) while all its other elements are zeros. 

Consider the effect of transforming any determinant by one of 
the four following elementary operations ; — 

(1) Interchanging two rows ; 

(2) Interchanging two columns; 

(3) Adding to any row k times another row, where h is any 
integer, positive or negative ; 

(4> Adding to any column k times another column. 

Any one of these transformations leaves unaltered the values 
of the elementary factors E^, because the complete system of 
minors of any order for the new determinant coincides, except as 
to arrangement, with the same system for the original determinant. 
Moreover, by the rule for the composition of matrices (v. 2) it is 
easily proved that if U is the determinant derived from D by 
either of the operations (1), (3) there is an identity 

(J))-(P)(D) 
with |P I = -I- 1 or — 1. Similarly, if D" is derived from D by one 
of the operations (2), (4), there is an identity 

{D") = {D)(Q) 
with|g| = + l or-1. 

In the given determinant j «„„ |, unless every element is zero, 
there will be at least one element of which the numerical value is 
equalled or surpassed by every other element ivhich does not 
vanish. By the application of one or both of the operations (1), 
(2) this element can be brought to the head of the principal 
diagonal. 
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By adding irmltiples of the first row to the other rows, we can 
reduce every element io the first column, except the one at the 
top, to a value which is either zero, or numerically less than the 
value of the element at the top. We now interchange rows until 
the first column is headed by an element, not zero, of the smallest 
numerical value ; and then proceed, as before, to reduce the other 
elements of the first column, This process must eventually come 
to an end ; so that, after a finite number of transformations, we 
get a first column in which every element is zero except the one 
at the top. 

We now operate upon the transformed determinant so aa to 
reduce the values of the elements in the first row by means of the 
elementary operations (2) and (4). Ultimately we get a first row 
of the form 

a, 0, 0. ...0 

and a is certainly not greater, numerically, than the number 
previously in the same place. 

If the elements now below a in the first column are not all 
zero, we reduce them, as before, by the operations (1) and (3), 
until we have a column with a' at the top, and all the other 
elements zero. 



The elements a, a', etc., which we thus ■ 
leading diagonals, diminish continually i 



get at the head of the 
numerical value, so 
that a stage must come when no further reduction is possible. 
When this is so, every element in the first row is zero except the 
first and at the same time every element in the first column is 
zero except the first. Thus A has been transformed into A', 



V, 0, 0, 



I 



and Tj is different from zero. 

Suppose, now, that there is an element bit which is not a 
multiple of ij : then we add the {k + l)th row of A' to the first row. 
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and carry out the process of reduction, as before, until we get 
another determinant like A': this will have, instead of r), an 
element of less numerical value. Here again the process must 
come to a stop after a finite number of operations: so tbat we 
ultimately get a determinant A' where every element hn, is a 
multiple of ?;. 

If we now put ij = ei, hni = e,C(t, then 
0, 0, ... 



0, e^c,,, 



and if we put 



the determinant G c 
to transform, it into 



and there will be a 






^1 (i, k^% 3, ... n), 

\ be treated in exactly the samo way, so as 



6„ 0, 0, ... 
0, e^d^, e^dsi, ... e^^d^n 
0, Cad^, e^du, ... e^dta 



0, ejdns, e^d^, ... eAr, 
ri'esponding change of 

e,, 0, 0, ... 

0, e.ej, 0, ... 

0, 0. Oss, ... 



0, 0, a™, ... 
where each element ««: is a multiple of e,ai. 

By continuing the argument we arrive at the final result that 
{A) can be transformed into the equivalent diagonal system 

where E,^e,e^...e., 

and ei, e^, ...e„ are integers. 

It has been assumed that some one element of A is not zero 



y Google 



86 THEORY OF DETERMINANTS [CHAP. VII. 

this being so, 6-i is ccrtaiuly not zero- But the determinant above 
denoted by C may have every element zero : in this case we put 



In like manner, after getting finite integers e^ , Cj, . , . e^ the deter- 
minant which at that stage corresponds to G may have all its 
elements zero : we then put 

11. The reduction of {A) to the norma! form {£) having been 
effected by the four elementary operations, we have an identity 
(£| - (P»| (P,_,) ... (P.) M) (ft) (Q,,) ... («,). 

and since the composition of matrices is associative this may bo 
put into the form 

(jfi - (P) M) («), 

where (P), (Q) are unit matrices. 

Hence the wth elementary divisor of {^A") coincides with the 
(rth elementary divisor of (.£). But it is easy to see that the latter 
is Ef. "^lyc, in the first place, the non-vanishing minors of {,E) of 
order <t are simply the products of E-^, E^, etc. taken a- at a time ; 
and of these the greatest common measure is 

D, = E,E^...E,. 
Hence the crth elementary divisor is B^jDa-i, that is, E^. 

It follows that two systems {A), (B), of the type here con- 
sidered, which have the same set of elementary factors must be 
equivalent. For if (E) is the diagonal system of elementary 
divisors there will be four unit matrices (P), {Q), {R), (S) such 
that 

(E)-(P)M(Q) = (K)(Ji)(S), 
and hence (P) - (P)- (P) {A) {Q) {S)-\ 

where (P)~' is the unit matrix sueh that 
(P)-(P)-[1], 
and (S)~^ is similarly defined. 

12. The argument and results of Arts. 10, 11 apply, mutatis 
mutandis, to the case when the elements of the determinants 
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considered are not integers, but rational integral fiinctiona of one 
or more variables. In fact the process of reduction to the normal 
form {E) can always be carried out when the greatest common 
measure of any two of the elements can be found by a process of 
chain-division analogous to that which is used for two ordinary 



13, The elementary divisors of a determinant may also be 
regarded as being associated with its matrix ; and the theory may 
be extended to rectangular matrices in general. All that is 
(■ is fco enlarge the matrices by adding rows or columns of 

3 elements until they become square. 
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CHAPTER VIII. 

DETBEMINANTS OF SPECIAL FORMS. 

1. When a square array is written down, it is natural to 
inquire what simplifications arise in the determinant of the array 
when special relations are supposed to exist between the elements. 
And looking at the figure the relations which naturally suggest 
themselves are those which depend on the geometrical form 
which the array assumes. Hence we have various forms of deter- 
minants obtained by supposing relationships, of equality or other- 
wise, to exist between elements situated symmetrically in the 
figure ; this shews how the notation employed has influenced the 
development of the theory. 

The most important of these special forms are symmetrical and 
skew symmetrical determinants. Here the special form of geo- 
metrical symmetry considered is with regard to the leading 
diagonal. Elements which are situated in regard to the diagonal 
in the position of a point and its image with respect to a mirror 
coinciding with the diagonal, have been called conjugate : two such 
elements are denoted by %t and a^. 

2. If Uy, = a„i, the determinant is called symmetrical. 
The square of any determinant may be expressed as a sym- 
metrical determinant of the same order. 

For |ai.|'=|cit| 

where c^ = aii»*i + (tia'ija + >-' 

It follows from this that every even power of a <ieterminant is 
a symmetrical determinant. 
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3. We may also suppose the determinant to be s ymmetricaj. 
wi th respect to the centre^^f^^e^quare formed by the elements of 
the determinant. 



Two cases arise, according as tho determinant 
odd order. 

First, if the order of the detorminaii 
the form : 

, ii, Cj ... m,, n,, V,, I 



■i even or of 
2r, we may write it in 



(h. K Ca . 


.m^, n^, v.„ /j^. 


■ 7.,^. 


a^ 


a,, K, Cr. 


. m,, Ur, Vr, fir ■ 
..fir, Vr, Ur, nir. 




Or 



, ^j, 72 ... /Xj, v^, %, Wlj ... Ca, h,, da 

tti, A- 7i ■■■ft. ^i. "i, m, ... Cj, 6„ 
In this determinant add the last column to the first, the la 
but one to the second, the (r +l)st to the rth, then it becomes 



0,+ a, 


h + 0,. 


.Jh + V, 


V, 


("!■ 


.&i 


«! 


Cta + Os 


h+^,. 


■ n^ + Vi 


v^ 


H^- 


■A 


Oa 


a, + a. 


K+0r. 


.)V + Vr 


Vr 


fir- 


.&r 


a. 


ar + Or 


br+^r. 


.JV + I-r 


Ur 


trir. 


.6, 


Or 


1X2 + 0= 


b,+l3, . 


• n, + v. 


■Kj 


m,. 


.62 


tta 


(ll+Kl 


b^+13,. 


. 7J, + y, 


«, 


m. 


..b. 


«! 



Now subtract the first row from the last, the second from the 
st but one, the rth from the (r + l)st, then 






0, ... 0, 



, «lr — Mr ■-■^)- — (8r. 0,^ — 0.^ 



.6, -A, a.- 
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Hence (iv. 7), 



But if the order of the detenniwaiit is 2r + 1, it may be written 
in the form 

%, 61 ... Ill, W], V, ... ;S,, a, 



df, br-.-Vf, Vy, Vr... &r, «r 



Or, ^r---^T< Ur, 1h'--K, "r 



^1 ... V,, l^Lj "1 ■■- &i- Oa 

By proceeding exactly as in the former case, we can shew 



2v,, ... 2v,-, p 
So that when a determinant is symmetrical with respect to the 
centre of the square formed by its elements, it reduces to the 
product of two other determinants. 

4. If in a determinant the conjugate elements are equal in 
magnitude but opposite in sign, i.e. if 

the determinant is called a skew determinant. If, moreover, 

aii = 0, 
the determinant is called a s kew symmetrica l determinant. 

5. It will be useful to notice the connexion between two 
minors of these systems, such that the rows and columns sup- 
pressed to obtain the one minor correspond to the columns and 
rows suppressed to obtain the other. Two such minors may be 
denoted by 

P = j a.jff, apg ... {, Q = \ ajp, a-f^ ... j 
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If the determinant is symmetrical, 



i.e. if 
clearly 

A special case of this 



that in a symmetrical determinant 

for Am is got by suppressing the ith row and kth column, while 
-^fci '8 got by suppressing the kth row and ith column, thus these 
determinants are of the same nature as P and Q, and are therefore 
equal. Thus the determinant of the reciprocal system is also 
symmetrical. If A is the determinant of the system, 

Aa + Au 



dani 



daa 

But ,— =A«. 

dan 

In a symmetrical determinant An and thu like arc still sym 
metrical determinants. 



7. 


If in Art. 5 
itbat 


flit = - «fci. 




P- a„.a„- 


- -"/„ -««, - 




a„. a„ ... 


-»/„ -«,, •■■ 



=(-i)"e, 



m being the order of the minors. Thus if m is even 

but if mis odd P = -Q. 

8. The calculation of skew determinants reduces to that of 
skew symmetrical determinants, which we shall therefore now 
consider. A skew symmetrical determinant of odd order vanishes, 
for if we multiply each row by —1, since ait = — ajji, this changes 
the rows into columns, which does not alter the value of the deter- 
minant. 

Hence, if n be its order, 

and therefore A = ii nis odd. 
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The niinor Aik differs from A)^ by the sign of every element; 
hence 

Thus Aki = J a if 11 is odd, but ~ - -4;* if n is even. 

Thus the reciprocal system is skew if n is even, but sym- 
metrical if n is odd. 

An 18 a skew symmetrical determinant of order n — 1, and 
hence vanishes if n is even. 



— = A + A -^^ 

^Aik~Ahi 

= 2Aify if )i is even 

= if H is odd. 

9. A skew symmetrical determinant of even order is a com- 
plete square. 

For if A^loocl 

is the determinant, A^ vanishes because it is a skew symmetrical 
determinant of odd order. Hence (vi, Q), if an, is the complement 
of ani in ^1,, 

since Ojt = a^ (Art. 8). 

Now by (iv. 24) if we expand according to products of elements 
in the first row and first column, since .^,, = 

A ==-Saif((ii«i4, 
where i, k take the values 2, 3 ... n; 
or A = 'S,ar,iai!,'Jauau 

Thus A is the square of a linear function of the elements of a 
row. Now a^i is a determinant of order n — 2, which is even if n 
is owii. Thus a skew symmetrical determinant of order n will 
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be the square of a rational function of its elements if one of 
order n — 2 in so. But when n = 2, 

! 0, a^ \ = a.J. 

I Oj,, I 
Thus skew symmetrical determinants of orders 4, 6.,.2r are 
squares of rational functions of their elements. 

10. Since if n = 2 the square root contains one term, when 
n=4 the square root will contain 3, when w=6 it wili contain 
5 . 3 terms, and so on. Hence a skew symmetrical determinant of 
even order v is the square of an aggregate of 

1.3..5...{w-l.) 
terms, each consisting of the product of \n elements of A. 
In particular a^^a^i ... a„_,„ is a term oi Ja, for 

11. This function 'J A is of importance in analysis, and has 
been called a Ffaflian. by Prof. Cayley on account of the use made 
of it by Jacobi in his discussion of Pfaff' s problem. 

That value of '/A which contains dj-iOsi ■ . . a>n~in as first term 
with positive sign will be denoted by 

P-[l, 2...»]. 
The remaining terms of P are got from the first term, 

diadaj ... On-m, 

by interchanging all the sufiixes 2, 3 . ; . ti in all possible ways, and 
giving a sign corresponding to the number of inversions. Since 
Oj;^ = — Kj; it is possible to effect the interchange in such a way that 
all the terms are positive. 

The PfaSian changes sign on interchanging only two suffixes 
i and k. For if we interchange i and k in the determinant, this 
interchanges the ith and ith rows as well as the ith and A;th columns, 
thus the value of the determinant remains unchanged. If Pi is 
the new vahie of P, 

P,' = P\ 

Hence P,= ±P. 
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To determine which sign wo are to take, let us consider the aggre- 
gate of terms ontPik which contain Uit. Then poc only contains 
terms whose suffixes are independent of i and k. The corre- 
sponding aggregate for Pi is 

C'UPHc, 

which, in consequence of the relation am — — a^, proves that 
P, = -P. 

12. The minor oa is also a skew symmetrical determinant. 
We shall shew that 

^'S;-(-l)'[2, ...i-l, i + 1, ...»1, 
or with I ~ 2 cyclical interchanges 

V^ = [i+1, ... n, 2...-i'-l]. 
Since a(A!^ = aifaj^, 

it follows that the terms of the product Vofi Va^j are either equal 
to those of a^ji, or equal with opposite signs. 
Now the product 

{-!)*+* [2. ..1-1, i + 1...7i][2...k-l, k+l...n] 
and the determinant 



-■l^a,*-ii (h.k+j- 



0^1,3 ■■■"'i-i.i-i 



<H~1 ,*+!■■■ 



(-1)"'. 



by the : 



3 number of interchanges of two suffixes, become 
[k, p.q, r, s ...u, v] [p, q, r, s ...v, i] 



And the term 

of the product agrees in sign with the first term of the determinant 

whence the theorem follows. 

This proposition serves to determine Vm V^as ^^ functions 
free from ambiguity of sign. 
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13. Since we have shewn in Art. 9 that 

J A = a,., Vo-ji + ttia V«a:. + . . . + «m V^n^t > 

it follows that 

[1, 2...n] = ai,[3...m] + a,a[4...«. 2]+ ... + «i„[2 ... ji-l] ; 
a relation which enables us to determine Pfaffians of order n from 
those of order n — 2. 

Observe that after we have selected the suffix 1, the others are 
written cyclically. Hence 
[l,2]-«., 

[1, 2, 3, 4] = »isa34+ «a9«4S + «ld«53 

[1, 2, 3, 4, 5, 6] = a,, [3, 4, 5, 6] + a,, [4, 5, 6, 2] + a., [5, 6, 2, 3] 
+ a,E [6, 2, 3, 4] + die [2, 3, 4, .5] 

In particular 



0, 


0, 


-S, 


= {ad + te + cf) 


-a, 


0, 


/. 




6, 


-/ 


II, d 




-e, 


-e, 


-d, 





14. In a skew symmetrical determinant of even order, A^ 
vanishes, being a skew symmetrical determinant of odd order. 
But (Art. 8), 



debit 



^ d'Hk 



[1, 2...ji]^ 



P = [l, 2...ji] = (-l)^'[i;, l...^-l, i + \...n-\ 

=(-iy-'{c^i[2...i-i, i+1. ..«] + .. . 

+ aii(-l)*-'Hl. 2...i-l, i + \...k-\, fc + l...Ji] + ...J 
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hence ^;i = (-iy+Hl, 2...n]{ik}, 

where [ik] ia the Pfafifian got by omitting i and h in [1, 2 ... n]. 

15. In a skew symmetvical determinant of odd order ^ii is 
a skew symmetrical detenninant of even order, and ia hence the 
square of a Pfaffian ; 

viz. Au=\l.-i-l, i + l...n]'. 

V^,i = ^l^'[l...^-l, i+l...n] 
= [i + l...n, l...i-l]. 
Also, since j1 = 0, 

Hence Aii:=[i + l ... n, 1 ...i- l][k + l ... n. 1...^-]]. 

16. The result of bordering a skew symmetrical determinant 
is also of interest. The result assumes different forms according 
as the determinant which we border is of odd or even order. 

Let the original skew symmetrical determinant be 



and let the bordered determinant be 



a^B. 


a„, a«, (i«... 


ttiB, 


Oil, an. Oia-.- 


(%, 


(%, a^, a^... 


«S3. 


t^ai t ^ > ^ha • • ■ 



By Cauchy's theorem (III. 24) 

Now, if A is of odd order it vanishes, and 

Aa-[i + l...n, 1 ... i- 1] [i + 1 ... », 1.. 
hence, if we suppose that aps = — dig, 

I>-Sii.,(i„[i + 1 ...», l...i-l][k + l..,n, 
= («„ [2.3. ..«] + ...)(«,. [2,3. ..»] + ...) 
-[., 1. 2...«][A 1, 2...»], 



k-\]; 
l...k-l] 
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where in the Pfaffians such expressions as a^, a^t which do not 
occur in the determinant are supposed to mean —a^i, — a^e- 

But if A is of even order, 
i>-a.e[l, 2 ... «]= + S«,„,«pi(- iy« [ik] [1, 2 ... n] (Art. 14) 
= [1, 2..., i] [a, ^,1,2.-4 

17. We have hitherto treated of skew symmetrical deter- 
minants: it is easy to reduce to these the calculation of skew 
determinants. Namely, by IV. 23 

D' = D + XanDi + XcHiaitDik+ ...+Una^ ... «„„, 
where D is what D' becomes when all the diagonal elements vanish. 
Di 19 what the coefficient of iin in B' becomes when the diagonal 
elements vanish ; Due the coefficient of OiiUiti in D' with the elements 
in the leading diagonal zeros, and bo on. 

If all the elements in the leading diagonal are equal to a; we 
can write this 

i)' = ^" + a^"-^ SA + ic"-*SD, + ... + «"-'" 2 A« +-. - 
where Dm is a minor of order m got by suppressing n — m rows 
and columns which meet in a diagonal element, the other diagonal 
elements being put zero, and the summation extends to all m-ads 
in n. 

If m is odd, Dm vanishes, and if vi is even it is a complete 
square. 

Thus, the elements being skew, 

j «, a,s, His I = a;^ + a; (a% + a^,^ + a\i) 

I Wai, a), dss 

■ Oa- ''aa. ^ 

I «, «ia. c-isi c-n I = •^ + *■* (a\.i + c'ls + a\i + a%3 + a\ + «.V) 
Oai, a;, 0^1, dii I + ((tisOM + a,3a« + (luC[s3)^ 



18. We can apply this last theorem to prove Euler's theorem 
concerning the product of two numbers, ea«h of which is the sum 
of four squares. Namely, we have 
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b, c, d = (a" + b' + c'' + d'')\ 





- 6, a, -d, c 
-c, d, a, —h 
-d, -c, b, a 




p, q. r, 5 i =(p= + 5' + r^ + s-)'. 
-q, p. -s, r: 
-r, s. p, -?; 
- s, - r, q, p i 


Now multiply these two determinants by rows, then if we 
write 


A = ap + hq + cr -^ d.s, B = ~ uq + bp - cs + dr, 


C = - ar + bs + cp - dq, D = - as -hr + cq + dp, 


we get a 
■whose vail 


kew determinant of the same form as the other two, 
e is 

(A'+B^+C'-i-D'r, 



whence 

(([= + t' + t;^ + d') {p^+ q^ + r^ + ^) = A-+ B^ + C- + D'\ 

If we were to effect the multiplication by rows and columns we 
sliould get another form of the same theorem ; by suitably per- 
muting the rows and columns we get still further representations 
of the way in which the product of two numbers, each of which ia 
the sum of four squares, can be represented as the sum of four 
squares. 

19. We have seen that the square of any determinant is 
a symmetrical determinant (Art. 2). Cayley and Brioaehi have 
shewn independently that the squai'e of a determinant of even 
order can be represented by a skew symmetrical determinant of 
even order. 

Brioschi's method is as follows: We have 



■ . ■ ttsn-i , (isn 
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Multiply these two equal determinants together by rows, and we 
obtaia : 

A'='.0, I,,, I,, ... !,„ 



where 

SO that la, = 0, Irs + 1^ = 0. 

Thus A' is represented as a skew symmetrical determinant. 
It follows that A can be represented as a PfaiEan of the functions I. 
If n = 4, for example, 

I ttil ■■■ Ill4 I — il^kt+ hlh; + ^14^23- 



The sign is determined by making the sign of a single terra in the 
determinant and Pfaffian agree, 

If, instead of interchanging columns, we interchanged rows, we 
should get another independent representation of the determinant 
as a Pfaffiati. 

20. A third class of determinants comprises those of the form 
j[>= I Oj, ffla, o-j ... a„ 

Ctp , eta , ^i '• • ^-i-i J 



where all the elements in a line at right angles to the leading 
diagonal are the same. If the elements had been written with 
double suffixes we should have had the relation 

whenever p +q = r + s. 

Such determinants have been called orthosym metrica l . Their 
most important property is that we can replace the elements by 
differences of a-,. 
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For if wc opemte on the rows as we did in Chap. in. 5 (iv), and 



put 



_D = 



ih. 



On 



Aw,, AOj, ... Adn 

A^«i, A'aj, ... A'ff„ 



A" 'ffli, A" '(ta, ... A"~^a„] 

Now repeat the same series of operations on the columns, 
tginning at the last, then 

-D = ' a,, Aa,, ... A»-'a, 
I Adi. A^ai, ... A-'ffl 



|A"-^a., A"<h, ... A™ 



An important example of this class of determinants is that 
where at is a function of k of the with degree in fc, whose highest 
term has coefficient unity, so that the quantities ai, 0^... form an 
arithmetic series of the mth order. If m = n - T all the elements 
below the second diagonal vanish, while all those in it are equal 
to (n — 1) !, whence the value of the determinant is 

If 111 is less than n — 1 the determinant vanishes. 
21. The determinant of order r + 1, 



mj,, 


'i1t«, <nr+. ■■■ '"..+.■ 


(» + l)s. 


(m+l),«, («+!),+, ...(m + lW 


('» + 2)„ 


(« + 2)„„(« + 2),„...(m + 2W 


(» + r)„ 


(m + rW {m + <■)„... im+r)„. 




1,2. ..J, 



though not ortho symmetrical, is of a similar nature ; let us call it 
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Divide its first row by m, the seeoDd by m+ 1, ... its (r + l)th 
by m + r. Then multiply the first column by ^, the second by 
p + 1, ... the last by p + r. Then 

(m-lV„ (m-1), ... (,«-!),+„_, 



(m + r-l)^..!, (m + r-l)j, ... (m^-^■-l)p^, 
or, if we multiply numerator and denominator of the fraction by 

Thus by giving to m and p different values ^ 
of equations 



V^„ = ) 



3 obtain the series 



_ (m + r- 1)^-1-1 
" (p+7^1 Vj 



F,„_j 



^ ( m + r-p + lX -n „ 
" (r+lU, *^"'-^■"■ 

Now F^m-:p,o is the value of the last determinant in ill. 5, when we 
write m — p for m and 1 for d. Hence its value is unity, which 
gives, when we multiply the above equations together and cancel 
like factors, 

_ (m + rU.(m + r-lU....(m + r-y + l),t. 
(p + rW.(p + r-l)„. ..(>■ + !)„ ■ 

Another expression can be obtained for the determinant by 
dividing the first row by mp, the second by (m + l)p , , . . the last 
by (m + r)p. Then multiply the first column by pa, the second by 
(p + 1 )i , the last by {p + r),- ; the transformation gives 
Y ^^ 'y(-"* + l)p(''^ + 2)p.-(TO + r)^ 
'"■" Pp{p + \)pij>-V^X...{p->rr\ ■ 
A remarkable special case of the first form is when p = l, the 
value of the determinant being (m + r),-+i, i.e. the last element in 
its leading diagonal. 
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22. If in the dotcrminant of Art. 20 

a,+, -(C + I. + m)„. - - -— 1 2...m ■ 

thea if m = )i — 1, A""'ai = l, and we have 

(c + i!-l),„, <e + ii),„ ...(c + 2ii-2),„ ^,_-iy'-!(-' 

(c + i>),„, (o + ii+l),„ ... (c + 2>.-l)„ 

(« + 2«-2)„, (o + 2»-l),„ ... (c + 3n-3)„ 1 

23. Another class of determinants consists of those of the 

11=1 o,, a, ... «, 

I ^— : J ^1* ■ ' ' ''ii— a 

i 

I fflj, n, ... a-i 

where the olemeut in the leading diagonal i.s always a^, and the 
rest of the row is filled up with a^ ...«,, in cyclical order. 

The peculiar property of this determinant is that it divides by 
Ui + a^m + ii-jco' + ... +«««)"-', 
where &) is a root of the equation x^ = 1, 

For if -4,, A^_... A,^ are the complements of the elements of 
the first row of this determinant we have (iv. 11) 
aiA, +aiA^+ ... +«„yljt =I> 
a,A.i + a^As+ ... + anA, =0 , 

ajAn+ihA,+ ... + ffl„il^i = 
Now consider the product 

(a, + th(-> + Ojo)^ 1 . . . + a„a>"-') (Ai + A-^ui-' + Asw'^ + ...+ A„a>-"+'). 
The coefficient of m*~' is 

Aiaii+A^ajc^.i + ... + J.„aj;_,. 
If A is equal to unity this is equal to J), by the first of equations 
(1), but if k is not unity it vanishes by one of the other equations. 
Thus D divides by 

fl, + a,M + ,..H-cf„(u"-'. 
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Heuee 

i) = (a, + ft, + . .. + a„) n («! + a^a, + a.,co- +...+ o^w"-'), 
where oj is one of the roots of the equation a;" — 1 = 0, unity 
excepted. 

24. Another elegant demonstration of the theorem of the 
preceding article is the following. It m^, a>^ ... w„ are the n roots 
oi' unity, let 

P= 1, to,, 
I 1, w., 



I 1, . 



Then if we write 



and remember that o 
DP = 



o + a 



= 1, 



whence D = ^ ((u,) i^ (w,) ...<l> («,,). 

25. Mr Glaisher has shewn that a determinant, such as that 
in Art. 23, of order 2ra, can he expressed as a similar determinant 
of order n. Namely 

, a,, tia ... a,iu = ! A,. A^, ... A„ 
I a.,j, C(i ... (tm_i i j An, A^ ... An- 

I ........ ; I A„ A.,, ...A, 



= (hr-i<h — <l'2r-2<h + '^si'-ii'la ■ ■ 
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For the tirst determinant 

= n ((X, + a^o) + a,o>'+ ... + Ue„(o»-i), 

w being a 2mth root of unity ; and since for every root a> there is a 
root — w, this 

= 11 (A, + A,m' + ^,M^ + . .. + ^„w^"-*), 

which product is equal to the second determinant. For the 2«th 
roots of unity being denoted hy ± 1, ± coi, ± m^ . . . ± co,t-.i , the wth 
roots of unity are 1, W]^, (o^^ ... ta^n-i- 



For example, it n 


= % 








a, b, c, d =\ A, B \ 






d, a, b, c 


i B, A ]' 






c. d, a, b 






1 b, 0, d. a 






where A = a' + c'- iU, 




B=-y-d^^ 2«i!, 




and the value of the determinant is 




a'--¥ + c*-d*~- 


2a^c=+26'(P- 


-to'M + Wao 


-fc-6ci + «"i.c 



26. If in the determinant of Art. 23 we 



Or= .- 



'(r-l)r(n + r-l)r(2n + r~l)\ 



= 1. 



27. T)flteT mjna{it 8who3e__glginente are biapmial^xosffifiients 
have been discussed with great minuteness by y, Zei^ l, who has 
given an immense number of theorems relating to this class of 
determinants. One or two of these we shall now consider. 
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The value of the determinant 

Mii, n, p'ln,, qm.^ . . . tmfc-i I 

(m+l),,^ + l,(p+l)(m + l)„(5 + l)(m + l),...(i+l)(m+l)^,j 
(m+2)t,n + 2, {p+2){m+2\, (g+2)(m + 2)j... ((+2)(m+2)t_, | 



im+k)t,n+k, (p-i-k)(m+k\, {q + k){m+k%...it+k)(m+k)t^,\ 

is (m-«)(m-^-l)(m-g-2)...(m-(-fc+l). 

We must first shew that the determinant vanishes when m is 
equal to any one of the quantities 

;(, p + l, 2 + 2 ... t + k-'i. 
First let m = n, then the determinant is 

TO*, m, pm-i, qm.^ 

+ l)s, TO+1, (p + l)(m + l)„ {q-^l){m + l\ 



\{m 



1-^)*, 



\-k, {p + k)(m-^k\, (q+k)(m + k\. 



If we subtract the second column, multiplied by p, from the third 
we see that the determinant is independent of p. Do this, and 
divide the first row by m, the second by m + l. the third by 
m + 2 ..., then multiply the first column by k, the fourth by 2, the 
fifth by 3 ..., then the determinant reduces to the product of 



,i(m 



-l)(m + 2)...(m + &) 
1.2 ...k 



and the determinant 



{"^-IV 



1, 0,q{m-n, 
1, 1, {q + l)ni„ 






(m+fc-lW„ 1, k, (q+k){m+k-l)„ (r + k){m + k~l), ... 

Multiply the second column by q(in— l)i, the third by 

q{in-l\ + l.m„ 

and subtract their sum from the fourth column, and we get the 
new determinant 
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(m + lV, 



], 0, 0, r{m-l), 
1, I, 0, (r+l)m, 
1, 2, 1, (r + 2)(m + l>, 



(m + jfc-l)j^i, 1, h, h, {r + k){m-\-k~\\. 
In this determinant multiply the second column by r {m — \\, the 
third by r(m-l)i + l ,mj, the fourth by r(m.-l)o + 2.9fti, and 
subtract the sum of their elements so multiplied from the elements 
of the fifth column, and proceed in a similar way with the altered 
determinant. Finally we reduce the determinant to the product 
of a finite number of factors and 



-1).- 



(m-l)._., 


1, 0, 





.. 0, 





mt_i, 


1, 1, 





.. 0, 





(m + 1).-,, 


1, 2, 


1 


.. 0, 






In this determinant multiply the second column by (m 
the thii"d by (m — l)t-2, the fourth by (m — l)i_a, ^c., and subtract 
their sum from the elements of the first column; then each element 
of the first column, and consequently the determinant vanishes. 
Hence our determinant divides by m — n. Similarly we can 
shew that it divides by each of the other factors, hence it is 
equal to 

C(.»,^ »)(». -p - l)(m _, - 2) ...(,„-( - k+1), 
where C is independent oi n, p, q ... t, because the determinant is 
linear in each of these quantities. 



To find the value of G put 




ii=))-5 = 


. = f.O; 


n ive get 




mk 


1, (.»+l)„ 


(m+1), ... 




2, 2(m + 2). 


2(m + 2),... 




3, 3(«. + 3), 


3(m + 3X... 




k, i:(m + k), 


k(m + k),... 


- 


C»,(m-1)... 


(™~t + l). 
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But the determinant last written is equal to k'.. as we see by 
putting d = 1 in the lawt determinant of ill. 5. Hence 

thus the theorem is proved. 

28. The determinant 

7iifc, li, jJi«, ... qvik--i. sink, ■•• M'w,-i ; 

(m + l),, n + \. (p + l)(m+l), {u + l){m + l),.- 

{m + k)t, n+k. <j>+k)(m + k\ (u + k){m + k\.- 

{on + r%, n + r, (j, + r)(m + r), (u + r){m + rU 

is equal to the product of 

{k + \){k+r)...r 
and 

m*, n, })vi„ ... q''iik-> \ 

(m + l)t, « + l, (j> + l)(m+l), ... ((f + l)(m + l),_, j ^^j^ 

(m + %, n-\rk, (j> + A)(m + i-)i - (S + A^) (m + &)*_, ' 
That is to say, it is independent of the r — k quantities s, ... u. 

To prove this, apply to the determinant the operations of iii, 
5(iv). Then in place of any element Pin the jth row we must write 
AJ-ip. 

Then in the tirat column every element after the {k + l)th vanishes, 
in each of the others every element below the leading diagonal 
vanishes, while the element of the *th column which is in the 
leading diagonal is {i- 1). 

Hence if we expand the determinant by Laplace's theorem, 
according to minors of the first k colnums, it reduces to 
(/; + l){A; + 2)...r I «n:, n, pm-^ ... gmt^i ; 
mt_„ 1, [p7y<„ + (m + l)J... j 

mi_, 0, 2()(( + l) ]• 

(), 0, 0, ... ' 
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which proves the theorem. For the last determinant is the 
result of operating, as in ill. 5 (iv), on the determinant (1). The 
determinant (1) is known by Art, 27, and hence we know the 
value of the new determinant, 

29. Next let us consider 

(m + l\, {n + l){m + l)a, (p + l)(m + lW, L 

(m+r),, (n + r){m + r)^, {p + r) (m + T)a+, 1 

where k has any value from d to d + r— I inclusive. 
Divide the rows by 

respectively, and multiply the columns by 

k^.^, 1, (d + lX, (rf+2),... 

Then our determinant ia equal to 

m,(m+l),(m + 2),. .. (m + r )^ 
fct_d(«i + l),((i + 2),...(d + r-l)^, ^^' 

multiplied by the determinant 

I (m~d)k-d, II, p(vi-d), 

I (■m-d+l\-^, n + \, (p + l){m-d + l),... 

(m-d + r)i^, n + r, (p + r){m-d + rl ... 
which by the preceding articles is equal to 
(A:-(? + l)(&-«? + 2)...r {m -d- n) [m -d-p-l) 

(m^d-q-2)... (2), 

being independent of the last (r — k + d) of the quantities n, 
p...n. 

The determinant we .started with is equal to the product of (1) 
and (2). 
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30. In the determinant of the last article let 
ra = p = ... = M = |. k=d = l; 
then, if we multiply both sides by 2'', we obtain 



(>»+l)„ 

(i»+2)„ 


3(.»+l)„ 
6(m + 2)„ 


3(m + l), 
5(m + 2), 


.. 3(»+l), 
5(m+2),, 



(m + r)„ (2r+l) (.» + ,■)„ (2r + l)(m + r), ... (2,- + l)(™ + .•), 
= 2'm(m + l),..(m + r). 
Divide both sides by m(m+ 1) ... (m + r), and then multiply both 
sides by r!, thus 

1, 1, (m-l)i, ... (m-l),_, 
' I, 3, 3m., ... 3(.<0,.-, ' = 2 4 6 . 2r 

I 1, 5, 5(m + l),...5(m+l),_, : 



Hence, changing m — 1 into m, if we write 

u,.= 1, 1, m,, ?Ji2 ... m,. I 

1, 1, (m + 2X, (m + 2), ... (m + 2), ! 



we have by Wallis' theorem 

Lim. (2r + l)i.V,.^, 
when /■, and therefore the order of the determinant, is infinite. 



y Google 



CHAPTER IX. 

on" cubic determinants and determinants wttii 
multiple" suffixes. 

1. Just as when n^ elements are given we can arrange them 
in the form of a square, so when n? elements are given we can 
arrange them in the term of a cube. Then we can indicate the 
position of the elements by means of three suffixes. The elements 
will lie in three sets of parallel planes; supposing the cube 
containing the elements to stand on a table with one face towards 
us, we may for convenience call those planes parallel to the face 
on which the cube rests strata, those parallel to the face in front 
of us planes, and the perpendicular planes sections. 

2. An element of such an array will be denoted by a,;jt, 
where the suffixes mean that it stands in the ith stratum, 
jth plane, and fcth section. 

The set of elements in the leading diagonal will be 



From this we can form a function analogous to a determinant, and 
hence called a cubic determinant, by the following, process. 

From the leading term Ojuiijjs... a«ti,t we form wl terms by 
writing for the series of third suffixes all possible permutations of 
1, 2 ... n, giving to each of these terms a sign corresponding to 
the class of the permutation. Then from each of the terms so 
obtained we derive n\ new terms by writing for the series of 
second suffixes all possible permutations of 1, 2 ... n, giving to 
each new term, relatively to the term from which it is derived, 
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the sign corresponding to the class of the peimutation. The 
Bum of all these [n']^ terms is called a cubic determinant, and is 
denoted by 

2 ± (fiuOsaa ■■■ C-nnn, 

orby l«pl iij, 4 = 1, 2,...H). 

3. Just as an ordinary determinant can be represented as the 
product of n alternate numbera, so a cubic determinant can fee 
represented as the product of n factors lineo-linear in two sets of 
alternate units. 

If Bi, Bj ... e„; ei, Sa ■■■ «ii are t.wo independent sets of alternate 
umts, then the determinant of Art. 2 is e(iual to the product 
nioiueiei + Ofigeiea + ... + diin^ien 
+ ai„eie, +012^1^6.^ + ... + 



""™'"='" (J = l, 2... 71). 

+ amie„ei+ aa^Sne^ -I- . - . + a™„e„e„| 

For if we consider any term of the product, it will vanish if it 
contains two e's or two e's with the same suffix, i.e. if two a's with 
like second or third suffix occur in the term, which ensures that 
al! terms which do not belong to the determinant vanish. Thua 
every term which does not vanish contains some permutation of 
the units €1, e^ ... «« and e^, e, ... e„ as a factor, and if the units 
be brought to this order the sign of the term will be (— 1)^+''; 
where fj. is the number of inversions in the e's, i.e. in the second 
suffixes of the term, and v the like number for the e's or third 
suf&xes. That is to say each term of the product is a term of 
the determinant with its proper sign. Thus the determinant is 
correctly represented by the product. 

Just as an ordinary determinant is the . product of linear 
functions of the elements of a row, a cubic determinant is the 
product of linear functions of the elements of a stratum. 

By means of this representation we can deduce the properties 
of cubic determinants. 

4. The sign of the determina.nt is changed if we interchange 
two planes or sections. 

For interchanging two planes is the same thing as inter- 
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changing two e's, and interchanging two sections the same as 
interchanging two e's. Either of these changes alters the sign of 
every term, and therefore of the whole determinant. 

5. Interchanging two strata does not alter the sign of the 
determinant. 

For we can repre-sent tlie determinant by either of the two 
products 

n(cfl6i + Ci,%+...4-Ci„e„) ^ ' ■■■ ' 
where /"it = rafiiei + Oiateg + ... + «(«*«» 

Ci* = Mitiei + c(iJt3es+ ... -t-aane,!. 

From the first form we see that the determinant, on inter- 
changing two strata, suffers a change of sign as being the product 
of alternate numbers belonging to the system e; from the second 
we see that it also suffers independently a change of sign as being 
the product of alternate numbers belonging to the system e. 
Thus on interchanging two strata the determinant undergoes two 
changes of sign, and hence remains unaltered. 

6. A cubic determinant of order n is the sum of n\ ordinary 
determinants, each of order n. 

For as in Art. 5 

A = n(Ciiei + Ci3&;+ ... +C^„e«) 
where c^. has the same meaning as in Art. 5. Hence, by i. 19, 
A = \cii^\. 

Thus the cubic determinant is equal to an ordinary deter- 
minant of the same order, whose elements are alternate numbers. 
To split up this determinant into others with simple elements we 
must take a partial column from each column of the determinant, 
but if we take a partial column in the pth place from one column 
we cannot take a partial column in the pth place from any other 
column, for then ep would occur twice, and the corresponding 
determinant must vanish. Hence each selection of partial 
columns must be a permutation of 1, 2 ... n, there are n\ such 
selections, and as many determinants with simple elements. 
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Thus A^t \aiji,k)\, 

where the determinant on the right is an ordinary determinant ; 
k is put in brackets to remind us that though it varies from one 
column to another, in the same determinant it remains iixed. 
This theorem is also an obvious eonsequenee of Art. 2. 

7, If in the preceding article we suppose all the first suffixes 
to be the same, all the determinants on the right would become 
alike, only their columns being permuted, and each determinant 
would have the sign corresponding to that permutation, hence 
suppressing the first suffixes altogether, the cubic determinant is 
now equal to 

(«l)K.l (i.i.l,2...«). 

This then is the value of the cubic determinant whose strata 
consist of the determinant 



repeated n times. 

8. The product of two ordinary determinants, each of order n, 
may be expressed as a cubic determinant of order n. 

Let A = \ai!c\ = AiAi ... An, 

where .d.i = (iiie, + 0^565 + ... + «!„€„, 

Bi = buBi + &iae3 + ... + binen, 
the systems of units e and e being independent. 
Then AB^UAiBt 

= U{a{ihi,eie, + ai,bi^e,e^ + . .. + at,hine:^en 



+ o.i„6fte„ej+ffli„?>iae„e2+...+ai»fcmeBe„)- 
Now if Cijfc = Oij&iit, 

the product on the right is the cubic determinant of the elements 
Cijfc. Thus the theorem is proved. 
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By multiplying Ai and Bi together we avoided any inversion 
of the jI's and B's among themselves. If we allow for the conse- 
quent changes of sign we can have as many such inversions as we 
please, and so vary the form of the cubic determinant which 
represents the product. 

9. The product of a cubic dotorminant A, whose elements 
are ap, and of an ordinary determinant B, whose elements are 
iift, is expressible as a cubic determinant C, whose elements are 
c^ft, where 

To prove this, we observe that 

= n (Cii,e,ej + CiiaeifiB + ... + Cane,en 



+ Ci«! £1161 + Cinseneg + .. . + Ci„ne„e„) 

= n K^Ae, + «i„Bie, + .. . + «f,„Bie„ 

+ ); 

where Bj — (t^-ei + 6^62 + ... + &nje„. 

Now since the alternate numbers Bj follow the same laws as 
units, this last product is a representation of the cubic determinant 
A by means of the units e and B. Thus 

O^A.e,...en.B,...Bn 
= AB. 

10. It is now an obvious step to construct functions analogous 
to determinants by means of letter with more than three suffixes, 
though when we take elements with more than three suffixes we 
cease to be able to picture to ourselves their an-angement topo- 
graphically as we can in the case of elements with one, two or 
three suffixes. Wo can, however, conceive a sot of elements with 
p suffixes such as 

<M,jk...l, 

nP in number, to be arranged in p sets of rectangular planes in 
a space of p dimensions, and forming a rectangular pai'allelo- 
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scheme of p dimensions. (Of, Sehlafli, Qitarterly Jour. II. p. 278.) 
The elements which have all suiSxes the same, except *, lie in 
the same line, those which have all suffixes the same, with the 
exception of i and j, lie in the same plane, ... those which have 
only I in common lie in a rectangular paralleloscheme of p — 1 
dimensions. 

The product of the elements 

''aj...l'^...a ■■■ 0'ii,n...n 

is called the leading term of the determinant of the ^th class, 
which is formed by keeping the fii-st suffixes unaltered, and writ- 
ing for each set of the other suffixes all possible permutations of 
1, 2 ... 71. To each term so obtained we give the sign corresponding 
to the sum of the number of inversions in the p - 1 sets of variable 



The whole number of terms is {«!]*"'. 

11. The determinant of the pth class can be represented a 
product of linear factors of the elements which lie in the sa 
paralleloscheme of p — \ dimensions. 

If Bi, e.i ... Bn 



be p — 1 sets of alternate units ; it is plain from reasoning similar 
to that in Art. 3, that the function 

A'= Ii.'2<am,„iej€k...iji 
(where the sum is fonned by giving to each of the suffixes j', k ...I 
all values from 1 to n, and then forming the product of such sums 
for the values 1, 2 ... n of i) is a determinant of the _pth class and 
«th order, such as we have defined in Art. 10. 

12. This definition is strictly analogous to those for deter- 
minants of the second and third class. A determinant of the 
second class is the product of linear functions of the elements of a 
row, one of the third class the product of n factors linear in the 
elements of a stratum. Here the determinant of the pth class is 
the product of n factors linear in the elements of a parallelo- 
scheme of j3 - 1 dimensions. 
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13. It is clear that by the interchange of any two suffixes, 
except the first, the determinant changes sign. Also since the 
factors of the determinant can be written as linear expressions of 
each of the p — 1 sets of alternate units, it follows that by the 
interchange of two first suffixes the cteterminant undergoes p — 1 
independent changes of sign. Thus the determinant remains 
unaltered or changes sign according as its class is odd or even. 

14. We have kept the first suffixes in their natural order. It 
is however indifferent which set of suffixes is retained fixed. If 
the class of the determinant is odd, it is perhaps more symmetrical 
to keep the middle suffix unaltered; the determinant is however 
not the same as before. 

15. The product of a cubic determinant A, whose elements 
are tt^j, and of an ordinary determinant B, whose elements are buc, 
can be represented as a determinant of the fourth class G, whose 
elements djti are given by 

For A = 11 (aiiieiSi + tiiueiea + ... + ctimeje,i 
+ af!ie2ei+ ), 

B = U (6.ii>), + 6^7,2 + . . . + ^,,7,,,). 
Thus clearly 

AB = 11 (tCijtieje.vi) Jj^ j^^ ^ i 2...n) 

which proves the theorem. 

16. The product of two cubic determinants A and B, whose 
elements are a^t and bijk, both of order n, can be represented either 
as a determinant of the fifth class, whose elements are 

or as a determinant of the fourth class, whose elements are 
given by 

CijM = 2cr^jj6pfci (p = l, 2... Ji); 

the order of both determinants being n. 

The first part of the theorem is proved as follows : 
A = nXuip^epe^. 
(In 1 p,q = l,2...n; in U i=l,2...n.) 
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(In 2 r,s = l,2...n; m U i = l, 2 ...n.) 
Thus AB=II'Zaij,,bir,epei,jrlcs 

(Ill t J), g, r, s=l, 2...)i; in U i = l, 2...H.) 
Which by definition proves the theorem. 

For the second part of the theorem we have 
(7=nScij4ie,eiiji. 
Now the sum under the product sign 

= Sfij {%! Bj + aipB^ + ... + aipA] ( j = 1 , 2 . . . M,), 
where Bp = bpiiei'ri, + bpi^ej7i^+ ... + &jn,ie|i7,i 

+ ■■■ 
and if we write 

-^iii = '-'kiq^i + <-hiqe2+ .-. +ainqen 

the sum becomes 

B,Ai, + BAi^ + ... + B„Ai.„. 
The product of this has to be taken for all vaJues of i. It must 
always be taken so that in each term we have the product 
B,B.i...Bn; for if two B's are repeated the term vanishes. The 
value of this product is B. 

The remaining factors in the term are 
■^ip-^lq •■• A„,., 
where p, q ...ris a, permutation of 1,2... n. This is an ordinary 
determinant of class 2. Comparing this with Art. 6, we see that 
it is a term in the expansion of the cubic determinant J. as a sum 
of determinants of class 2. All these terms occur in our product. 
Thus 

C^A.B. 

17. The following theorem regarding the product of two 
determinants of any class can he proved by the preceding 
methods. 
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The product of two detenBinantB of olassea p and q, whose 
elements are aij...j and bfj^t respectively, can be represented either 
as a determinant of class p + g—1, whose elements are 

or as a determinant of class p + q — 2, whose elements are 

Cj..Mv...s = 2a,j,..( biu.„> (i = 1, 2 . . . m), 
all the determinants being of order n. 

18. It is not difficult to see how the theorems with I'egard to 
determinants of the second class (i.e. ordinary determinants) can 
be extended to determinants of any other class. It is probable 
that determinants of higher class possess many properties peculiar 
to themselves, though as yet not many of these have been investi- 
gated. The complement of any element of a determinant is a deter- 
minant of the same class and nest lower order. The extension of 
Laplace's theoi'em would shew how a determinant of class p and 
order n could be expanded in a series of products of pairs of deter- 
minants of class p and orders m and ?i — m. 

19. There is no difficulty in writing down the expansions of 
determinants of any required class or order. The number of terms 
however increases very rapidly. 

The following are the expansions of determinants of the second 
order, and classes 3 and 4 respectively : 

S ± (111) (222) = (111)(222)-(121)(212)+(122)(2I1)'-(H2)(221) 
S±(llll)(2222) = (llll)(2222)-(1112)(2221) + (1212)(2121) 
- (1211) (2122) -I- (1122) (2211) - (1121) (2212) 
+ (1221) (2112) - (1222) (2111), 
while for the determinant of class 3 and order 3, 

S ± (111) (222) (333) = (111)(222) (333) - (121) (212) (333) 

- (Ill) (232) (323) + (131) (212) (323) 
+ (121)(232) (313) - (131) (222) (313) 
-(112) (221) (333) + (122) (211) (333) 
+ (112) (231) (323) - (132) (211) (323) 

- (122)(231) (313) + (132) (221)(313) 

- (Ill) (223) (332) + (121) (213) (332) 
-I- (111) (233) (322) - (131) (213) (322) 

- (121) (233) (312) + (131) (223) (312) 
-I- (113) (221) (332) - (123) (211) (332) 
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~ (113) (231) (322) + (133) (211) (322) 
+ (123)(231) (312) ~ (133)(221) (312) 
+ (112)(223) (331) -(122)(213) (3S1) 

- (H2) (233) (321) + (132) (213) (321) 
+ (122) (233)(311) - (132) (223) (311) 
- (113) (222) (331) + (123) (212) (331) 
+ (113) (232) (321) - (133) (212) (321) 

- (123) (232) (311) + (133) (222) (311). 

20. We shall conclude this chapter with the following general 
theorems. 

A determinant of any class, all of whose elements are equal to 
a, except those in the leading diagonal which are equal to x, is 
equal to {a> + {n- 1) a] {x - a)"-', 

n being the order of the determinant. 

We shall prove this for a cubic determinant, but the method is 
perfectly gonoral. 

D = T\. (aeiei + cte-^e^-V ... 
+ 136261 + ae.^€i+ ... 
+ ... +xeiei + ...) 

where £■= e, + 6^+ ... + e„, ff = Ci + 63+ ... + 6„. 

Hence, since E and E' are alternate numbers, any torm in 
which they occur more than once vanishes. 

Hence D = (cc- a)" +a{it:~ a)""' 1 [EE'Uei,e!,\ 
{k = l, 2...i-l, i + l...n); 
.-. D = (« - a)" + na (« - «)""' 
= [x + {n-l)a]{x-aT-'; 
for Eei ... ei-iSi+i .-- e„ = e;ei ... ei^iCi+i ... e^ 

and so £"e, ... €;_,€{+! ...?„ = (- Ij^-'ejea ... e„. 

The last theorem of IV. 25 can also be extended to determi- 
nants of higher class. For a cubic determinant we may state it ats 
follows : If all the elements in the ith stratum are equal to oi, with 
the exception of that which lies in the leading diagonal, whose 
value is Xi, then the value of the determinant is 

/+So,/'{«,) 
with the notation given in iv. 25. 
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CHAPTEE X. 

DETERMINANTS OF INEINITE ORDER 

1, If in the symbol «;* we suppose the suffixes i, k to a 
independently all positive and negative integral values, including 
zero, we obtain a doubly infinite system of elements, which may 
be arranged according to the scheme 






Thus if we take a pair of rectangular axes, and measure ordinates 
positively from left to right, and atecissse positively from above 
downwards, the position of a^ wil! be at the point (i, k). 

2. Let p, q be positive integers, and suppose that 
p + q^m; 
then if i and k each range from —p to q the determinant [anil is 
of the mth order and its elements are in the same relative positions 
as in the infinite array above indicated. 

Let m increase indefinitely in such a way tliat p, q both be- 
come indefinitely large; then the ultimate behaviour of |(i(i| is 
analogous to that of an infinite series. It may become infinite ; 
it may he indeterminate ; it may converge. The case with which 
■we shall deal almost exclusively is that in which the determinant 
converges to a definite limit. A, which is independent of the way 
in which p, q become infinite, "We may then, for simplicity. 
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suppose that i, k each range from — n to + n, where n is an 
integer which ultimately increases without limit. Thus A is 
the limit of the sequence 

A„, A„ A„...A„,... 

where ^o = «„ ^ ^id 

A„ = la,-*| (i,k = -n...+n). 

The element do^o may be called the central element, and 
... a-,1,-1, (h,n, «i,i ■■■ 
the diagonal elements of the infinite determinant A. 

Any diagonal element may be taken as the central element ; 
because if the notation is changed by writing 

where X is any fixed positive or negative integer, the sequence 
which in the new notation is B^, S,, B^, etc. is simply one of the 
sequences which may be chosen to specify A. 

3. If, in A, any two rows or columns at a finite distance from 
the centre are interchanged, the value of the new determinant is 
~A. For if we take n so large that A^ includes both the lines 
which are interchanged, the sequence 

A„. A„+„ J.„+,,... 
becomes — A^, —A^+i, — .^n+s,... 

the limit of which is — A. 

In the same manner it can bo pi'oved that if two rows or 
columns are identical or proportional, ^ = ; that if all the 
elements of a row or column are multiplied by k, the value of 
the new determinant is kA ; that columns and rows may be 
interchanged, keeping the diagonal elements in their places; 
and so on. 

4. The system of duads {i, k) may be associated with another 
system of duads (X, fj), in which X, /^ independently assume the 
positive integral values 1, 2, 3, etc. The simplest way of doing 
this is to put 

X = 2i if i is positive, 

= — 2i + 1 if * is zero or negative 
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and in like manner for fj. with respect to k. This correspondence 
is reversible ; namely, if A, is even, the corresponding value of i 
is \\, and if ~K is odd, i = — ^ (X — 1) ; with a similar rule for p. 
and h. 

If, now, we write «;;: — h\^, we can form a new aiTay 

b^ h, b^... 



and derive from this a sequence 

B„ 5,,...B„,.., 
where B,j = \bnn\- This is convergent, and its limit is ^ ; in fact, 
Bioi+i = An and B^ is a first minor of A^ which converges to the 
same limit as A^ itself. 

Accordingly it is suiEcient to consider infinite determinants 
associated with an array of the second type indicated. Ifc will 
be convenient to write 

\a^A = A 
to express that A is the value of the infinite determinant which 
is the limit of |a„„| when the positive integer n increases without 
limit. 

6. An infinite determinant is said to be normal if the product 
of the diagonal elements is absolutely convergent, and the sum of 
all the other elements is absolutely convergent. With the help 
of Kronecker's symbol Sjt, these conditions are expressed by the 
single enunciation that the double sum 

is absolutely convergent. 

Every normal determinant is convergent. 

To prove this, we write 

(tifc - Sfs = bii,, 
and denote the absolute value of ijt by ^n,. Putting 
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the product P^ is absolutely convergent when n increases without 
limit, and _ 

Lt (P„+p - P„) - 

for all positive integral values o( ]?. 

If, now, ^„ = |ff«u: 

and An+p is the analogous determinant with p more rows and 
columns, the difference (An+p — A^) can be expanded in terms 
of the quantities bi^. Changing each term into its absolute 
value and prefixing the positive sign, we obtain part of the 
expansion of (Pn+p — Pn)- Consequently 

mod (A„+p - A„) < Pn+p- Pn, 
and its limit is zero when u — x. It follows that \au„\ is con- 
vergent. 

6. In a normal determinant A let the element Oit be replaced 
by unity and all the other elements of the ith row and kih column 
by zero. The result is a normal determinant which may be denoted 
by j1,jj and called a first minor of A. If we put 

we have 

A = aiia.il + ai^'j;^ + . . . = S Bijjaij;, 

and j4 =aii:ait + a5A«2t+ ■-. = S 04^0^. 

The truth of these formulae is almost self-evident. Let us 
take the auxibary determinant |a„„| where n>i\ then 

|a™>i| = niia<i + «teSt, + ... -I- a«ai„, 
where a;i, etc. are first minors. Hcnoe 

Now let n increase indefinitely : then the first sum on the 
right vanishes because each factor (ajt — Sit) becomes infinitesimal 

and S ajfc converges; while the second sum vanishes because 
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the sequeace 0^ (A; = n. + 1, ?( 4- 2, ...) has an upper limit, and 

S «i4 ultimately vanishes. Therefore 

2 ajtOii^ Lt \a^n\ = A ; 

and the other formula may be proved in a similar manner. 

7. The notion of a minor of a normal determinant may be 
extended as follows. Let 

9i, 9., ..■ q. 
be any two sets of positive integers, those in each set being all 
different. In the pith row and ^jth column of the normal deter- 
minant \a„u\ replace the element Op^q^ by unity and eveiy other 
element by zero. After doing this for the values 1, 2, ... r of * 
the original determinant has been transformed into another, 
likewise normal, which we shall denote by 



/p, p^---pA 
\q, q.....qj' 



Vg, q^.--qrJ 
1 rth minor of |a„o,j and is complementary to the finite 



"I'iSjl 



(V,j = l,2,...r). 



If in the determinant |a^„l wo simply omit the rows and 
columns specified by p,...^,. and qi...q,. respectively the new 
determinant is the minor above defined multiplied by the factor 
(— l)*", where fj, = 'S.(p;+ q^). 

li f, g, ... I is a permutation of 1,2, ...r containing X in- 
versions 

(Pf Pi; --pi] ^ , jj^ (Pi P^---pr\ 
W q,--qJ V^i q.--qJ' 

8. From the first two rows of a noimal deteiminant \a^^\ we 
can derive an aggregate of deteiminants a^j dehned b} 

_ I O 7 Ct , I 

where h, k are any two positive mtegei-- such thd,t h<l These 
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finite minors of the second order may be arranged as follows in a 
linear progression i 

Ki2 °ia flu «aa «i5 "^24 '^la--- 
the rule being that a,^ precedes aimi(h + k<l + m, OT\ih + k = l + vi 
and h<l. With this notation 
/I, 2- 



S«..(^;J (/.,fc=l,2,3,...), 



the terms on the right being arranged according to the role juat 
explained. 

To prove this we take the expansion 

KJ = Sa,,^,, (r,s = l, 2,...w) 

= 8, + 8„ 
where Si = %a.,^Akic {k-\-k<n-\- 1), 

S, = |a™!-S;, 
and consider what happens when 'n increases indefinitely. Ulti- 
mately the typical term of Sj converges to 

and since all values of h, k aro included for which h + k<n-i-l 
8i itself eonvei'ges to 

s..(J;g (;..;.. 1,2, 3,...) 

as above defined, provided that, before going to the limit, the 
terms of Si are properly arranged. 

The limit of 8^ is zero, because if we write it 

the absolute values of the quantities Aim have an upper limit, 
and laim ultimately vanishes. Finally, ja„n| converges to A, the 
value of |a„™|. 

In a similar way, by selecting minora from the first two 
columns of A, we obtain the expansion 

I O'ki <^h2 I (h ^\ 
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9. In a similar way it may be proved that if p^, p^, ...p,- is 
any fixed selection of r different whole numbers, ari'anged in 
ascending order, 

A. I».J = S<.„(»'1'" •■•?'), 
fl Vgi, 92, ■■■ qw 

where on the right hand aip^j denotes the finite minor 

«ipq, = K^g^\ (i",i = l,2,...r), 
and q,, q^.-.-q,- is any selection of r different whole numbers 
arranged in ascending order. It must be borne in mind that 
A is normal, and that the sets (q^, q^, ... g,.) must be arranged in 
linear order by a suitable rule. The summation includes all the 
selections q,, q^, ... q,.. 

There is a corresponding expansion with q-^, q.^, ... g,, a fixed 
selection, and j),,ps, ... jj^ a variable selection. 

10. The product of two normal determinants A, B may be 
expressed as a normal determinant by a method precisely analogous 
to that used for finite determinants. Thus, if 

where 

0,., ^ aiA, + <^i.h. + • - = tauK, (s = 1, 2, 3, . . .). 

then (7 is a normal determinant and its value is AB. 
To prove that is normal, write 

«a = Si* + a'ik, &it = Sfij + b'ik, Cifc = Sji + a'ik, 
then c'it = ra'ifc + h'o: + ^c-'is^'u, 

and therefore 

2 \cW^l.\a'i,\ + % \h'^\ + 2 |a'i,6'^| {i, k,s = l, % 3, . ..). 
Hence, A, B being normal, Sjc'^t] is convergent, and therefore G 
is normal. 

Again, AB = Lt |a™| j&„„| = Lt |7,„tl, 

where 

7ijt = aiiiiti + 0126*2+ ... +ainhn (i, fc= 1, 2, 3, ... n), 
and it can be proved that Lt ]7]i,i! = G. 
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To do this, write 

then K,>|=|7»« + '^n»l 

where On, 0,^, ... 0,„ are first minoi-s of |o„„[. Now these first 
minora are all finite determinants, and a positive quantity R 
can be assigned which is greater than the greatest of their 
absolute values. Consequently, if pne denotes the absolute value 

of ''ii. 

mod jlc„„| - |7™|] ^Kipn + pi. + ... + pm), 
which ultimately vanishes when n—oo. Therefore 

Lt |c„„|= Lt !7,™| = Lt|a™||6„„| = A5, 

which proves the theorem. 

As in the case of finite determinants the product AB may be 
constructed in four different ways (v. 4). 

11. There is a class of infinite determinants, which we shall 
call semi-normal, defined as follows. Let 

be a series of quantities such that 

1 Vr 
is absolutely convergent. Suppose also that 
A-la..]. i! = |S..|, 



where 



_«H ^ 



Then if A is normal, B is also normal : but it may happen 
that B is normal when A is not. In this case A is said to be 
aemi-normal, and the system {x,., y,) may be called a reducent of A. 
Clearly if one reducent exists, there will be any number of them. 

Since |&™! = P»Kmi, 

whore P,j is the product of the first n factois of F^, and since 
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when n is infinite \hnn\ and P„ converge to the limits B and P„ it 
follows that A is convergent, and that 
A = P^-'B. 

12. Under certain conditions the product of two semi-normals 
may be expressed as a semi-normal. 

Let A = \a^\, B=\h^J\^ 

be two semi-normals with the respective reducents 

Wi y-1 y^ ■■■ K u^ wj ... 

then if tho product 

P. = n ^' 

is absolutely convergent, 

where Cijt'^toiifih.k (A = l, 2, 3, ...), 

and C is a semi-normal determinant of which 



a rediicent. 
To prove this, let us write 



V" 



^Mr. 



^Sf^«..^,„ 



and therefore mod c^ < n mod f — yit ] , 

where ^ is the upper limit of the quantities mod{yJz),). This 
upper limit exists, and is finite, because 

1 2,, Xt, Uk Sh 

all the products on the right-hand being abaolutelj convergent. 
Thus the series ca is absolutely convergent. 

Again if we put 
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where Sjt, as usual, is Kronecker's symbol, 

and hence the product Ylca is absolutely convergent, and so also 
is n — Cii. 



Finally the serie 



ss„,. = s»,„ 



is absolutely convergent, because SoiftiS^t is so and j/a/sa has a 
finite upper limit. The theorem stated has therefore been 
proved. 

In the same way it can be shewn that if ^x^Zit is 
convergent 

la_li6_l = 1^.-1, 
where |i^„„| is a semi-norraal with elements defined by 

and a reducent 



Moreover, in these enunciations, x and y can be interchanged, and 
also z and u. 
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CHAPTER XI. 

APPLICATIONS TO THE THEORY OF EQUATIONS AND 
OF ELIMINATION. 

1. The solution of a system of linear equations has already 
been partially considered (p. 26) ; we shall now proceed to discuss 
the general problem. Let us take the m homogeneous equations 

a^x, + a^x, + ... + a,^scn = 1 ■ 



the question is to find all the values of the unknown quantities xi 
which satisfy these relations. 

The nature of the solution is e^entially connected with the 
matrix (dmn)' which we shall denote by A. It follows from the 
partial investigation above referred to that if n = m + l and A is 
of rank m, the ratios of a^, a^, . . . ic„ are determinate : in fact 

(Hj -.01^ : ... : *■„ = 4i : A^ : ... : A^, 
where Ai, A^, ... A^ are determinants of the nth order derived 
from A by suppressing one column. If, however, the rank of A 
is le^ than m, the determinants At all vanish, and the values of 
X, : w^: ... : ic„ apparently become indeterminate : the process of 
p. 26 is in fact illegitimate, because the derived system is not 
equivalent to the given one. We shall see presently that if r is 
the rank of A, and m<n, the complete solution will involve n — r 
independent parameters, while if m^n, the only solution is 
(C] = a^a = ... = iCft = unless r < «, in which case there is a solution 
involving n~r parameters. 
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2. Suppose, in the first place, that m. = n, and that \a,m<,\ is 
not zero. Let the reciprocal of |c[„„] be \a,i„\, and write 

Ui = ^aii:Xk, (i = 1, 2, ... n). 
Then we have identically 

and hence |(i„„| x.^ — 0, 

or, since ]a„„j does not vanish, 

This, then, is the only solution when |a.„„| ia different from 
zero. 

Conversely if the equations Mj = can be satisfied by values 
of 3^, ajj, ... w„ which are not all zero, the determinant |a„„| must 
vanish. This determinant is called the resultant (or eliminant) 
of the n equations U( — 0: or again the determinant of the n linear 
forms Mf. 

3. Next suppose that m < n. Without loss of generality we 
may assume that |a.„| does not vanish : let this determinant he 
called A^ and let its reciprocal be ja^rj. Then as in last article 

a^iUj + a^ih+ ■■■ + ci,iU^= A^Wi+ Z Gi^^^s, {^' = 1, 2, .,.r), 

where Ci^g is a minor of A of order r, which may or may not 
vanish. Hence instead of the system ii, = ii^= ... =m, = we have 
the derived system 



which is equivalent to it because |a,.r| = -^/""S which is different 
from zero. 

Hence we obtain x^, x^, ... Xr as definite linear functions of the 
{n — r) quantities x^^^, iC^+a, .■■x^: it may of course happen that 
some, or even all, of the coefficients Gi, vanish. In any case, we 
have found a complete solution of 

W; = 0, M2 = 0, ... w, = 0, 
with (n — r) independent parameters «r+i, -.- x„. Now lot A^+, 

9—2 
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be the vanishing detormiDant |ur+i^,^i| and i ;3,-+i,,4.i| its reciprocal 
in which /3r+i,r+i = -'In ''■ quantity different from zero. Then we 
have an identity 

because if the expression on the left is arranged as a linear 
function of iEi, jb,, ... ic„ every coefficient vanishes as being a minor 
of A which is of order (r + 1). Hence every solution of the system 
Mi=Mi = ..,=Mr = will also satisfy M,+i = : and in the same way 
it will satisfy Wg = for s = r + % r + 3, ... m. Thus we have 
actually obtained the most general solution of the given system 
of m equations in a form which leaves (n — r) of the unknown 
quantities arbitrary. It may happen that some one or more of 
the quantities Wi, ... x.^ is definitely zero. For instance, the 
solution of 

2ie + ^ - 2^ = 0, 
is a; = 0, t/ = 2X,, z = X, with \ arbitrary. 

4. Next let m>n, so that the given system is redundant. 
Then if r = re the only solution is a^ = 0, because without loss of 
generality we may suppose that [a,j„| is different from zero, and 
then the first n equations give ic; = 0. If r < ii, we may suppose 
that lorr] is not zero, and proceed as in last article : we thus again 
find a general solution in which {n — r) of the unknown quantities 
remain arbitrary. 

5, Having given m linear homogeneous functions mj of n 
independent variables m^, ic^, ... «„, it is important to know how 
many independent identities exist of the form 

L{u) = \Ui_ + X^u^+ ... + VMm = 0, 
with constant coefficients X;. 

Equating to zero the coefficients of iC;, a^, ...^„ on the left hand 
we have 

(tuX, + OsiXs + , . , + CTmiX.m = 0, 
OqaA.! + ttjaXj + . . . + CtniaXm = "i 

»mXi + OsnXs + . . . + amn^«i = 0. 
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This is a system with the matrix (a,„„)', the rank of which is the 
same as that of (a™«)- Consequently if r is not less than the 
smaller of the numbers m, n, the system will have only a zero 
solution and the forms ut will be independent : while if r is below 
this limit there will be (m — r) linear relations ii(w.) = from 
which all others can be derived in the form 

XGiLi(u) = 0, (i" = l, 2, ... m~-^), 
with arbitrary coefficients C,-. 

6. A non- homogeneous system 

w^ + Ci = 0, 0* = l, 2, ...m). 
where c; is a constant, may be reduced to a homogeneous one by 
putting 



y". 



ik = l,2,...n}; 



it should be noticed that for particular values of the arbitrary 
parameters contained in the solution «; may become infinite or 
indetenninate. 

7. Suppose that we have two sets of variables x,, Xi, ... x^ 
and i/i, 1/a, ... y,i connected by the relations 

;/; = Sarta^i, (i,fc=l, 2, ...n), 

the coefficients a^^ being constant, and |a„„| different from zero. 
From these equations we can deduce an equivalent set 

k 

If we substitute in the first set of equations the value of Xi given 
by the second set we obtain n linear equations in y^, y^, ... y^ 
which must be identities, if, as we suppose, the variables 

are independent. Hence 

and in the same way by substituting from the first set of equations 
in the second 

X (Tit ay = h- 
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Consequently 

{Onn) (a««) = K«) (O =[1]; l«™| Kn\ = 1- 

If we denote the matrix («„„) by A, and write B for the 
matrix [1], then the matrix («„„) is conveniently denoted by A~^ : 
thus 

This notation is consistent with the ordinary laws of indices ; and 
we may express the relation between the sets ((C,, x^, ... Xn) and 
(^i> 2/ai -■■ y-n) iJi either of the symbolical forms 
(!,) = A{x). («).^-(j). 

These relations eonstitube what is called a linear substitution ; 
thus in analytical geometry when we change from one set of co- 
ordinates to another of the same type, this is effected by means of 
a linear transformation. 

8. If there are three sets of n variables {w), {y), (z) such that 
(y) = AW, {p) = B(y), 
then it is found by direct elimination of y^, y^, ... y^ that 

(^)=BA(o), x = (BAr'(,)=A-B-'(z). 
the products BA, A~^B~^ being defined as in v. 2 (p, 50). This 
theorem may obviously be generalised. 

Let u (x) be the linear form defined by 

uix) = t^,Xi, {k=l,2,...n), 

then by the substitution {x) = A (y) this is converted into 

v{y) = 1.7iiy!,, 
where Vh = |i«i* + ^a'^at + ■ . . + ?»,««*, 

so that (ti)=A'{^), 

where A' is the conjugate of A (p. 49). 

Thus the simultaneous substitutions {ni) = A (;y), (17) = A' (^) 
transform "Z^tXt into X^ji^i. The variables ^i are said to be 
contragredient to the variables cs^. Variables transformed by the 
same substitution are said to be cogredient. 
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9. Let there be n linear forms % (x) defined by 

and let them be transformed into linear forms % (y) by the sub- 
stitution x = A (y). Then 

Vi(y) = tqayk, 
where ^ft = 2pi,ar*, 

and consequently I9!ibI = Ip™| • \o^n\- 

Thus the determinant of the system of forms reproduces itself 
multiplied by |a„„|, which is called the modulus of the trans- 
formation. This is what might have been expected : for if 
iPn«l = the quantities Ui{x) are not independent: and when 
this is so, the quantities «; {y) are not independent either, so that 

ls_l>o. 

Given any system of forms Fiixi, x^, ... x^) the substitution 
{a:) = A{y) converts them into forms 6'i(^,, y^, ... y„). If a 
function of the new coefficients is identically equal to the same 
function of the old coefficients multiplied by a power of the 
modulus of transformation, we have what is called an invariant 
of the system ot foims It has been proved, then, that the 
ehmmant uf a >->=tem ot v linear torma in n variables is an 
mvanant 

It follows from Arts, 1—5 of this chapter, as well as from 
VII. 8, 9, that the rank of |g„„| is the same as that of |j)„„|. 

10. In Art. 2 we have the fii-st example of the process of 
elimination ; namely, we have found a condition, independent of the 
variables, which must hold if a certain given number of equations 
are to exist between these variables. When r homogeneous equa- 
tions hold between r variable quantities, (or what is the same 
thing, r non-homogeneous equations between r — 1 quantities), it 
is always possible to establish an equation R = between the co- 
efficients of these equations alone. Then R is called the resultant 
or eliminant of the system of equations. 
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When the equations are two in number the most direct process 
is Sylvester's diaiytic method. Let the two equations be 
= (So + «!« + Oi*' + . . . + a™*"' ] 
Q = h^ + b,ic + b^x^+... + hic" y" 
If we multiply the first equation hy 1, ic, «= . . . ic"-"' we get n — 1 new 
equations, and from the second by multiplying by l,x,a?... a;"^' 
we get m — I new equations, viz. we have now the system 
= (t„ + a,a; + asa:= + ... 
= a^x + a,x''+ ... 



= &o- 
= 
= 



6„at+ h,x^+ .. 



oim + n equations satisfied by the same values of « as the givei 
equations (1) and linear and homogeneous in the m + n quantitie 



Hence, by Art. 3, the determinant of the system must 
tnish, or 



Ho, (t,, its . 






the determinant being of order m + n. Since there are n rows of 
a's, and m of b's, the resultant is of order n in the coetficients of 
the first equation, and of order m in the coefficients of the second. 

11. If the coefficients a™, a^-i, a™_2... h^, 6™_i, in-s--- sJ'e 
functions of y and e of degrees 0, 1, 2 ... , it can be proved that 
the resultant is of order mn in y and z. This will be the case if 
every term in R has the sum of the complements of the 
equal to mn. 
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If WO change y and a into yt and zt respectively, tho value of 
11 is now 

Oat™, ttif"^" ... 






ht^-^ ... 



Observe that the separate elements and therefore each term of R' 
is multiplied by a power of ( equal to the complement of tho sufSx. 

Now, multiply the first n rows by 

("^•, ("-= ... t, 1, 
and the last m by 



Then R' is multiplied by a power of (, wt 

».(«-i) ,..(..-1) 



s exponent is 



Bat now the first column of B! divides by ('«+"-i, the second by 
(m+n-!_ and so on. Thus R' ■^R is equal to a power of t whose 
exponent is 

(m + w)(m + K-l) m(m-l) n(n^l) 
■—-2 - 2 2— = ™''- 

Thus every term in R' must divide by i"™, which proves the 
theorem. Functions, such that the sum of the suffixes, or of their 
complements, of the elements in each term is constant, are some- 
times called isobaric, and the constant sum is called the weight. 

12. We may consider the question in another way, 
If ^ix)=b, + b,a^ + Kx^+ ... + Ka:'^ 

= K{x-0,)(x-0,)...(»:-^^} (1) 

is an equation whose roots are ^i, /S^ ... /3„, the function 

/(^) = '(t = <it, + aiic + ([5ic= + ...+(ima;"' (2) 

has n values corresponding to the different values of ai given by (1). 
These n values are the roots of an equation of the nth degree, 
which we now proceed to find. Multiply the equations (1) and (2) 
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by the same powers of n 


as iQ Art. 9, and w 


e have the m + ) 


equations 






= a, 


-u + ajw + a^x' + ... 




= 


(a,-u)x + a,x' + ... 




= 


{a,-u)a;'+... 




= 


b, + b,x + b,a.^+... 




= 


hx + b,x' + ... 




= 







Eliminating between these the quantities 






an equation of the nth degree to find u, the roots of which are 
The product of the roots being equal to the constant term, 

(-i)-4:/(ft)/(ft). ../(«=(- i)-_s, 

where R has the meaning in Art. 10. Thus 

Ji-l>;7(A)/(«.../(A). 

In the same way we may shew that 

js-(-i)-(«:) *(",)*«...*(«») 

if fli ... «m are the roots of (2), 

This result shews that the value of li obtained in Art. 10 
does not involve any irrelevant factor ; for clearly 

0(a,)0(as)---'^(a«.) 
is the simplest rational symmetric function of both sets of roots 
which vanishes when the equations have a root in common. 
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13. If the two fuiictions i^ and / of the preceding article are 
a function and its differential coefficient, then R is called the dis- 
criminant of the function, and its vanishing is the condition that 
the function should have equal roots. If 

f{x) = at + aya) + aia:^+ ... -|-a„a;" 
^a„(ai-'a,)(x--a^)...(a:-a„) 

f {x) = di + SttjiC + . . . + HOniC""', 

«-«:-/'(«.)/'{«.).■■/■<«.) 

Oi, 2(1^ . 



«!, a^ ... 

a^, Oj ... 



having n rows of the first, and ?i — 1 of the second kind. 

by n, and subtract it from the rath. 



If we multiply the last 
this becomes 

0...0, -na„ -(■«-l)a,,...-a,.^„ 0. 

Thus the determinant reduces into the product of (. 
determinant of order 2k — 2, which we shall call A. 



by a 






Hi) a» (aa-Os) ... (o2-a„) 



.-. / («,)/' («.)-/' (««) = (- if'^'cfC"!, «. - ««) 
where ^{a^ ... a„) means the product of the squares of the differ- 
ences of all the roots. Thus 

14. The artifice used in eliminating a: between two equations 
may sometimes be employed for the case of more equations than 
two, as in the following examples due to Cayley. 

Let x + y + s^O, x^ = a, y^ = b, i? = c; 
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multiply the first equation by 1, ye, zx, xy, and reduce by means 
of the other three, then we get 

x+y + 3=0 

xyz + cj(+ 63 = 

xyz ^cx + a? = 

xyz +bx + ay =0, 

whence, eliminating xyz, x, y, z, we get 

.. 1, 1, 1 1 = 0. 



c, h I 



Or if we multiply the equation by x, y, z, xyz, and eliminate 
., yz, zx, xy. we get 

= 0. 
1, I 
6, 1, ., 
, c, 1, 1, 
Again, if we are given the equations 

,r+?/+3 = 0, a? = a, y^-l, z^ = c, 
if we multiply the first equation by 

X, y, z, y'z', z'af, ahf^, x^yz, y''zx, ^xy, 
and reduce by the last three we can eliminate 

a?, if, e^ yz, zx, xy, xy^t, yz^v?, za?y'^ 



esuiiin 
1, . 

., ]. 


1 

h 


1. ■ 
1, 1 


giving 
1, . 

1, . 

., 1 




h, a 




., 6 


., 1 
C, 1 





Other forms of the resultant can also be obtained. 
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15. The resultant of two equations has been obtained in a 
compact form by Bezout. Let the equations bo 
/= a„x™ + ttii^^' + . . . + a™ = 0, 
cj)=b„x'^ + 6,iK"~' + --. + h,, = 0, 
and suppose m > n. 

Write 
fa^ct,, fj = aaX + ai, f^ — aaX'^+ttiX+a^, . . . f,. = a^x'^ + a,af~^+ . . . -{-Or 

and form the combinatious 

= x'"-"fr (br+j^-'-' + ... + b^)-4>,. (a,,4_,a^™-'^i +-.. + «») 
= 2c„i»*-\ (s = l, 2, 3, ...m), 

for ^ = 0, 1, 2 ... (t! — 1). If /"= and -- have a common root 
the m equations 

X„ = 0, Zi = 0, ... X„_, = 0, = 0, ^.^ = 0, ... a;™-'-'0 = O, 
can be simultaneously satisfied, and hence eliminating 



dial y tie ally 



Co,i, 


Co,z. 


.. Cm 


C»^i,i 


Cn_] a, 


... c„_i ,„ 


in, 


4,. 


... 


0, 


i.. 


... 



0, 



0, 



It is easily seen that the expression on the left is of the 
proper dimensions in the coefficients of / and 0, and that ib 
does not vanish identically: hence it is the resultant, free from 
extraneous factors. 

As an example, let m = 3, ?i = 2 : then the resultant is 
I (io6i — aii„, aj^a — Ojto, ~ a^ba I 
ciJh~o,ib„, ajb^ — a^bi, — a^b, . 
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When m = n, the determinant is symmetrical, and each of its 
elements is expressible as a sum of quantities of the type 

{aihj — Ojii). 
If in this symmetrical determinant of order m, we put 

6«+i = &,.+. = ... = 6™ = 0, 
the resulting expresaion is the product of ra™"" by the resultant 
of /and (p as they are given at the beginning of this article. 

16. We shall now prove that if B4zout's determinant is of 
rank r, the polynomials /, 4> have a highest common factor H of 
degree (m — r). For the sake of a uniform notation, let 

■\(r,a~n+i — ^0. "^m— n+a = -^i, ■-■ '^m — ^ii—i^ 

■v/rj = 2i);v«*-'. ik = l,2. ... m), 

BO that the resultant is 

Let Xi, X.3, ... \a be constants, t any whole number not greater 
than m -. then if we write 

the conditions 

(?^, = 0^a =... = <?«,-( =0 
form a deficient system of linear equations in \,, X^, ... X^. This 
system always has a solution in which the quantities X; are not 
all zero (Art. 3). For such values the degree of "^ is less than 
m — t. Now"^ can be expressed in the form Af~B^ where A, B 
are polynomials, so that ^ is divisible by H. The degree of H 
cannot exceed m: let it be m — /:*, Then by putting ( = ^, we infer 
that from the equations 

the other equations (7„ = 0i = ... = Cm_,,_i = necessarily follow: 
in other words the system 

does not contain more than fi independent equations. But the 
actual number of independent relations is precisely r: consequently 

and the degree of H cannot exceed m — r. 
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The general values {X-i, X^, ... X™) which make 'I' identically 
zero can be expressed as hnear homogeneous functions of (in — r) 
arbitrary parameters. Now in the identity '^^■Af—B^ the 
value of B is 

- (X, + X,a^ + . . , + V-..a^™""") 

- <^™-« (X™_,^,/, + X„^„+,/, + . . , + X,„/„_,) 

of which the degree is m — 1. Equating to zero the coefficients of 

we get a system of (m — r — 1) linear equations which determine 
the ratios of the (m — r) parameters : substituting these in A and 
B we get an identity 

in which the degree of W does not exceed r. Since B'l^ is 
divisible by/, it follows that/, ^ have a common divisor of degree 
not less than vi — r. We have already seen that the degree of H 
cannot exceed m — r: therefore its degree is exactly m — r, as 
stated. In fact if =//-B' = iJA'. 

A numerical example will illustrate the argument. Let 
/=a^+ic" + 2a? + ^ + l, 
A = «= + a;= + a! + l: 



then 






R = 



-/= - a;" - 1, 



= {ic'+^+2^)0-(a:=+ic+l)/=- 



The identity \,-<^,+ \-^, + \s-^3 + X,'f, = 

requires that X, — \s~ ^< 

Xi - Xa - Xj - X, = 0, 

X, - Xj = 0, 

Xi - >., - Xj - X4 = 0, 

X„X^, X3,X^=(, u, t, -u. 
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where t, w are arbitrary. This gives 

= SNif i = [t{ii^ + a) + 1) - i(,iaT' + of + a:)] <j> 

To reduce the degree of the polynomial which multiplies <j>, 
we must put u = 0: thus finally, 

identically, and H ^<pl(x + 1) = ^'+1. 

17. The re-sultaiit of the quadric 

u = an(ei'+ ... + 2a^a.>iiBfc+ ... = (1), 

and of the n — 1 linear equations 

V, = c.a^i + C^X^ +... + CjnO^n = 



..(2) 



can be readily expressed as a determinant. 

By Euler's theorem for homogeneous functions we can write 
the first equation in the form 

du '^■^ , , '^^ _9 _n /'j\ 

Then if in equation (3) we do not consider the variables implicitly 
contained in the differential coefficients, (1) and (2) being n 
equations between a;,...ccn, (3) must be capable of being put in 
the form 

\V, + \^V,+ ...+Xy^,Vn-^ = (4). 

Equating coefficients in (3) and (4), 

a,iXi 4-(li9lCg + ... + ain3^n = VCn + Ji-jCbj + ... +A,,i_iC„_ 



(5). 



The equations (5) together with (2) form a system of 2n — 1 equa- 
tions between iCj, a;,^ .,,a;„, \,, X^ ... X^-i', hence their determinant 
must vanish. Thus 
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■■ 1i«, Cn ... c;„_i, 




-a^n, Cm...C„_,„ 


C«-i. 


■■ c„_,„ 



16-1.8] 



the blank apace being filled with zeros. This result 18 due to 
Versluijs. aa and a^i mean the same thing, viz, half the coefficient 
of XiXk in the quadric. 

18. The system of equations 

is solved by establishing the new linear equation 
x-y = ± V2b^ - aK 
Following up this idea Baur ha« solved the non-homogeneous 
system of an M-ary quadric and n — 1 linear equations between the 
variables ; viz. let the system be 

((iia;,^+...-(-2aaa^%-|- ... = m {1), 

CsiiCi + . . . + Cs„ic„ =i/s I (2). 

C„_u«i + . . . + On-in^n — J/ti- J 

Then we wish to establish a new linear equation 

c„iXj+... + c.^Xn = yn (3), 

so that if we determine the values of «i ... a;„ in terms of y^ ... y^ 
from (2) and (3), and substitute their values in (1), the result shall 
only contain )/„ in the form )/„'. We are to have then 

y^=yn+^hy,yiyk {i,k=l,2 ...n-\) (4). 

Nowif C = \ca\ 

we have Cxi = 0iiyi + C^y3+ ... +C^iy„ (.5). 

Hence, differentiating (4) partially with respect to y„, we get 
du dec, du dx^ du dx„ 

•^ dXi dya dx^ dyn ('o"n (<y„ 

s. D. 10 
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Ui = \ 



dcci' 



Cy^ = u,G^, + u^C„, + ... + UnG„, 



..(6). 



Substituting for the differential coefScients their valuos we 
determine the form of the equation (3). We have still to determine 
the value of y^. To do this we introduce the n{n — l) quantities 



such that enttii + e,-^a^ + ... + e,„a„t = c,.4 ; 

and hence Ae,^^Cn'Ai, + c,-,Ai,+ ... + c„iAi„ 
where j1 = [ a^ | . 

Thus 



-Oy. (7). 



Now from the product of (6) and (7) 
Ghj,^^A fill ... e 



= A I ifn, B,. ... Av^i, 2/i 



1 B„_,i, B„^,,...S„_,„_i, 

I y,, y, ... yn-,. 



..(8), 
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On tSie right-hand side of (8) all the quantities are known from 

(1) and (2). Thus Cy„ is known; substitute its value in the left of 
(6) and we have the required equation (3), which with the equations 

(2) forms a ayatem of n linear equations sufficient to determine 
the q 



19. The equation 



^1 > ^^ '~ ^3 "^ ' ■ . ^2« 









(where <% = au) formed by taking X irom each of the leading 
elements of a symmetrical determinant is of considerable im- 
portance in analysis. The following proof that its roots are real, 
when the quantities ttfi; are real, is due to Sylvester. If we denote 
the left-hand side of the equation by i^ (X) we have 



(- X) = (Sii -t- X, Ilia 



■ (hn 



and hence 
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the X disappears, because a,.s — as,- Hence, expanding the right- 
hand side by Art. 23 of Chap, iv., 

^ (X) (- X) = C - X'SOi + X'SG^ -... + (- X^)». 

Now, by V. 9, Gi, Ca... are all sums of squares, so that the co- 
efficient of each power of X is positive. Hence, if we equate the 
right-hand, side of this last equation to zero, Des Cartes' ru\e shews 
that it cannot have a negative root. Thus X cannot be of the 
form yS *J— 1, In order to shew that it cannot have the form 
a + ^ V— i we have only to write On — a = «„', i&c,, and the case 
is reduced to the preceding. 
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RATIONAL FUNCTIONAL DETERMINANTS. 

1. If we have a series of n quantities x,y,z..,u, t v/e shall 
denote the product of all the ^n(n — l) differences, obtained by 
subtracting from each number all that follow it, by 

So that 

(y-2)...(j-() 



This function ^^ (x, y, z ... u, t) is an alternating function of all 
the quantities x, y, s: ...t; viz. on interchanging any two of these 
it changes its sign, but not its absolute magnitude. It is thus of 
the nature of a square root, having two values equal in absolute 
magnitude, but opposite in sign. This is conveniently indicated 
by the index ^. The product of the squares of the differences 
will be denoted by i^{x,y,z ... u, t), and is a symmetrical function. 
This notation is Sylvester's. 

2. We have 



-?K^, 



I f'-\ y"~ 



For the determinant on the left vanishes if any two of the quanti- 
ties X, y.-.t become equal, because then two rows become identical. 
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Thus the determinant divides by the difference between each 
pair of the letters, being a rational function. Hence it contains 
f ' (jF, y ... t) as a factor. But the leading term in the determinant 
is a?'~'3/"~= ... w . 1, which is also a term in ^i{x...t) with its 
proper sign. Thus the theorem follows. 

3, By a similar argument it may be proved that if a rational 
integral function of a:...t changes sign when any two of the 
i are interchanged, it is divisible by f *(«...(). 



4. If /({«) be a function of the ibh degree in a;, the coefficient 
of whose highest term is unity, we have 

/„ W. /,« W . . . /, W, 1 1 = t* («, </ . . . !). 

/«-■((), /..-,(!) .../,«), 1 1 

For if we subtract the last column, multiplied by a proper number, 
from the last but one, the elements in this column become as, y...t. 
Now multiply the last two columns by the proper numbers, and 
subtract their sum from the last column but two, the elements of 
that column now become n?, if... (I By proceeding in this way 
we reduce the determinant to that in Art. 2. 

If the coefficients of the highest powers of x are not unity, 
the determinant is equal to i^ («, y •■■t) multiplied by the product 
of the highest coefficients in the separate functions. 

For example, if 

The denominator can also be written 



-(«-l).(«-2)!...2! 



2"-.3— .,.(.. -2)-. («-l). 
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5. If fi (a:) = a,ifl^' + a^iw"-' + ... + a^i. 

we see by the theorem for multiplying two doterminants (v. 4) 
that 



I <%] . . . dnn I 



-lo,,[?tK,a;,...«.). 

If fi (aJi) = («t - 2/0""^ 

o,. I = j 1, 6 (- y.). c, (-!/,)■... (- kO— 
1, c,(-y,). c, (-jj ..■(-!/,)"- 



1 1, »i(--y.). <!.(-?»)■ ■■■(-»«)"" 

= Of'(y., ?..■■»«). 

where is the product of all the binomial coefficients of older 
II- 1. 

For the elements in each column of the determinant are multi- 
plied by that power of — 1, which is introduced by moving the 
column from its place in ^* to the place it occupies. 

Thus 

(ti - s.)". (». - y.)""' . ■ . (s5i - !/•)'" 
("• - yi)". (»=. - ytT" ■■■{'!,- y.)""' 



(«,, - y,)-', («,. - y,)"-> ...(a,,- y,)-' 

.C!:*(»'.,a4-«.)f'(y., ».■■■».)■ 

If iTi = yi this gives us f {iCi . . . «„) in the form of a determinant. 
6. We may give other determinant forms to the product 

fl («„«',... a;,) C»(y„y,...y.). 
Thus 

t'(a=.,«,...»',)fl(y„ J,...y.) = ' »■,"-' ...111 !/,"- ... 1 j 



I ««" 



.1 
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152 THEORY OF DETEEMISANTS [CHAP. XII. 

where, if we multiply by rows, 
Or if we multiply by columns 

CiJ: — *i 1/i T a^2 2/2 -1- . . . + J.,1 ^n 

If we put Xi = yi and Si = x^ + x^+ ...-\-x^ vi& get 

^ia-s > ^w—i - ■ ■ * 



an ortlio symmetrica! determinant. 

7. A more general theorem is the following. Consider the 
array 

iC]"*"', asi™"" ... Xi, 1 
iCa"*-^, iCj'"-' ... aij, 1 



xj^^, x,^^ ... a;„, 1, 
where n is greater than m. By compounding it with its con- 
jugate, we get a determinant of the mth order which is equal 
to the sum of the squares of the n^ determinants, obtained by 
taking any m different rows in the array. The determinant has 
for elements 



Hence, by aid of Art. 6, we get 

Slf(^„.,...)l = | »., 



e any m of the n quantities .f. 
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8. We have clearly by Art. 2 



= {:'(«„ a,... «„}/{«;) 



! «n", £>„"-'...«„, 1 

Where /(^)=(.r-a,)(,^-«,) ... (^-a„) 

By equating coefficients of uf on both sides we get 

... «!*+', a,*-' ... 1 I = fl(a, ... a„);)„-j, 

. . . Oa'"'"', Oi*"' ... 1 



where pn-i is the sum of the products w - i at a time, without 
repetition, of the quantities ai...a„. 

9. Vi'e may write the first identity of the preceding article 
in the form 



'. t -(-!)"{' (•„».. ■■«.)/(«). 




-(-ir'fH-, 



«,,)/(!/). 



1, ] ... 1, 0, 1 
0, ... 0, 1, 
Form the product of these two determinaQts by rows ; thus 
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154 TKKOHY Ol'- lIl'lTKlfMtNAN'l'H [CiiAP. XII, 

from which by equating coeFTiciciits of tho powers of x ntnl y wo 
get a number of theorems. «,. ia now the sum of the rth powers of 
the roots of the equation f{x) = 0. 

10. We may extend the theorem of Art. 8 as follows: tho 
value of the determinant 

+r-l g. n+r-s __ 3. \ \ 



whicli ia of the form of that in Art. 2. may bo expressed aa the 
product of three factoi's. 

Firat the product of tho dilfcrciices of r11 pairs of the quantities 
fl!, ...«„ i.e. i;l(.r, ...a^r), which by Art. 2 civn bo oxprcascd aa a, 
determinant. Secondly, tho product of the differences of fl!l pairs 
of tho quantities a, ...a„,i.e. i;l(a, ...a„). And, lastly, the product 
of all such quantities as 

/M = (^,-.,)("=,-o.)-fe-0 

= ,>:i" - p.a;,"-' + ...+(- 1)—* p,_, «,*+.. . 

Hence its value is 

I xr\ ^,-^...^„ 1 i?Ha,...«,.)/{,r,).../(.a 



Multiplying theith rowby/(a;i), and then equating coefficients 
of x^ . x^ . Xt" ..., we get the theorem ; 

If -Cuicio... is the determinant of order n formed by sapprcssing 
the columns containing the wth, uth, wth ... powers in the array 



then 



where Pi: is the sum of the products A at a time of o 
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9-11] RATIONAL FUNCTIONAL DETERMINANTS 

If k is negative or greater than n, pu = 0, p^ = 1. 
11. Let us consider the determinant 

; 1 1 1 



1 _! 1 

Multiplying the ith row by 

/(«,).„,=(«,—,,) (^, -»,)„.(..,- »,.), 

we get 

Wii(2.,.w„-D=| ■-'— , 
! ■''"i - at 

The determinant on the right is an integral and alternating 
function both of the quantities a-^ ... «„ and of Oi . , . a,;. Hence 
by Art. 3 it divides by 

Comparing the orders of the determinant and this product we 
aee they are the same, heuce the additional factor is numerical 
only. To determine it, put a^i, x^ ... ir,^ equal to a,. Kg ... a„ 
respectively; then all the elements except those in the leading 
diagonal vanish, and 

^^ = (»■,- »0 (»,-(.,),. , (.r, _„_,)(,,- ,^.„) ..,(:,, - ,.) 
' = (- l)'-(a, - -i) •- (a-,- »,)(«<-«!+.) ■■■ (",-«.) 
when a;f = 0;, 
thus the determinant reduces to 

which determines the factor. Hence 

„ (-i)'^";^^,, ^.■..^.)j:i («„ «, , ,, o„) 
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156 THEOKY OF DETERMINANTS [CHAP, XII. 

12. If Ai is the complement of — - in the determinant 

B, then Z),i is equal to the expression obtained by onaitting xi and 
a^ on the right, and multiplying by (— l)'**, 

i+, . . ■5«)|'Kai ■ ..at-iMti-i - ■ ■ «„) 



^■i - a* ^2 - (^i *i-: - a* a'f +, - a* ^-^ - «i 
Now if we write 

?l(«i...^i_,(E;+i ...(C„)^*(ai..,ai^,ai+i ...a„) 

_ (-!)"!:'(»■.■■■».)?'(■■.■■■«.) 

then ^''.-/<?iaM.-L. 

13. The preceding article enables \is to solve the system of 
equations 

— ^!— + -^^- + ... + -^— = «, 



In particular, suppose that w, = ?(2= ... = «„. Then since 
the rule for resolving a rational fraction into partial fractions 

f{,) (»-«,)(j!-a ,)...( »'-a.) 
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we see by putting a^ = oj. in this, that 





1 + ^/W 


if Wi=l, 





14. If in the determinant D of Art, 11 we expand eacli terra 
in a series as follows 

1 1 Oi a^P 

we see that the term in the expansion of the determinant which 
multiplies {aif^'- . a^a+i . . . V+0"' is 

Oi^. a/... On" I 



To expand the right-hand side of the identity at the end 
of Art. 11, we have 



1 H, Hr 



Here fl, is the sum of all the homogeneous powers and 
products of order r, which can be formed from the quantities 
Oi, Oa ... a„. 

Now 



Multiply the ith row of this determinant by the expansion of 
-' ; the coefficient of (3;/+^ . ^^a+i . , , «„»+i)-i is 
if,, if ,_,...-?,+,_ 
S„ JJ,_, ...H,+,_ 

if,, H.^, .. a„^ 
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1 get the final eqi\ation 



[chap. XII, 



Hs i?H«i...«.), 



with the convention that H^ — 1, and H,. = when r is negative. 

15. As an example of Art, 14, 

%\ a,l \ = -\ H,. flu Hn 
h\ h.l] ] H„ -ffo, 
&, c, 1 ^. I -H",, 0, 
= - (a^ + 6^ + c= + 6c + ca + ab) (h — c)(c~- a) (a - b). 

We may make use of the results of Arts. 14 and 10 to evaluate 
determinants whose elements are sines and cosines. 



O', (., 


1 


b', b, 


1 


c", c 


1 



For example take 








X = 


1, 


1, 


1, 


1 




cos J, 


005 5, 


COS G, 


cos-D 




sin^, 


smB. 


BillC, 


siiiD 




sin 3A, 


sin 8ft 


sin 3C, 


sinSi) 



M'rite for the sines and cosines their exponential values, and 
suppose e*^ = a, &c. Then, writing only the first cohimn of the 
determinant. 



2^ {abcdf 



Add the second row to the third, divide by 2 and subtract the 
third row from the second, thus 



4 {abcdf 
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14-16] 

Thus 



where the first determinant 



4(oW)"X = 


0" 


+ ! 1 




a^ 






a' 


<s' 



: «.'6=c-d^ (a - 6) (a - c) (a - d) (a + 6 + c 
(i-c)(?>-d) 



by Art, 8. And the second, in like manner, is equal to 
(tt -h){a, — c) {a — d) (bod + aod + abd + o6c) 
{;, _ c) (6 - d) 

(c^d). 
Hence 
^ ^ (a- i.)(<.-o)(»- d)(i-c)(6-.i) (c-d ) ^ 

[a'6=c^d= (a + & + c + rf) + a6c(i (a^' + b-' + c-' + dr')] 
= 1/^ ...\^abcd{a + b + c + d)+ -\-(^ + l+^. + l)\. 

Hence if 2S=A+B-{-C + D 

Z = -2=.nBin^(4-£)[cos(fe^ + ^) + cos('S' + £) 

+ cos{S + C) + cos(S + i))], 

16. If we differentiate the determinant of Art. 11 with 
lespect to Xi, the elements of the ith row become 



dx-id/Ci . . . dxn I {xi ~ ttty \ 
= B. 



yGoosle 



160 THEORY OF DETERMINANTS [CHAP. XII. 

We shall now shew that 
B_ 



% - «i ' 


1 


1 


1 


1 


1 


1 


1 


1 

Xn — rXn. 



where [ j means that the function on the right is to be formed 
hke a determinant, only all the signs are positive instead of 
alternating. 

Multiply the ith row of B by ui', then 
(«A... 



The determinant on the right is an integral and alternating 
function, both of w^, w^.-.x^ and of «i, aa... a„, hence it divides by 

fl(:.,.^,...^„) ?»(«.■..«,.). 
If the quotient is 0(iCi,a^.,.i»„), this is symmetrical with regard 
to each of the variables, and of order n — 1. Thus 

Now, by repeated use of the rule for resolving a fraction into 
partial fractions, 



/{^2) ft/'(afc)K-afc)' 



and we get finally 

if>{XuXs.. . x„) 
UiWj... w„ 

„^ _ 0(o;, «;,... Hp) 

- ^/' {adf («.) - . . /' (^.) {cc, - a*) {X, -«.)... (x^ - c^) ' 
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16-17] RATIONAL FUNCTIONAL DETERMINANTS 161 

Now, in the first place, in the combination i,k...p,no repetition 
can occur, for in the product 



3a if x^ and «, both coincide 

with Oft. Hence on the right of (2) we mast write for t, k ... p all 
permutations of 1, 2 ... Ji. 

Now if we write at, Of, ... a.^ for x,, x^ ... a;,, respectively, only 
a single term of (u, ... tCn)' S remains, viz. 

+ [/'(«.)/'(".)■■./'(",)]■, 

while 

the ambiguous sign being tlie same for both. Thus 

_[/'(%)/' («t)-/'K)? 



= (-1) = f '(«■)/■ (a,)... f'{c,). 
Thus 

^ = V ^____„ L 

iJ " (fla - ttf) (iCa - a*) ■■■ (^^-Op)' 

whore i, fc . . . j> is to be a permutation of 1, 2 . . . n. This proves 
the theorem as stated at the beginning, 

17. The coefficients in the expansion of the rational fraction 

l + h,a: + ha^+ ... 

1 + a,i>j + ((a«^ + - . . ' 
in ascending powers of x can be represented as determinants. Viz. 
if the expansion is 

l + P,X + P,.'>f+... 

we have 
(l + 6ifl; + M'+.--) = (l + -fi«-- + A«'+...)(l + ai<c + aa «'+...), 
s. D. 11 
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162 THEOBT OF DETEllMINANTS 

and hence equating eoofficients 



[chap. xit. 









(t^iPj + an-sPi+ . . . + P„ = 6„ - a„, 
a syatem of equations to find P„. The determinant of the ayatem is 
unity. Hence if, after solving hy iii. 7, we move the last column 
to the first place and change the sign of this column, 

Pn = (-!)» 

a, - b,. 



1, 1, ., ., . 

6,, III, 1, ., 

6j, Oa, «,, 1, 

f>3, <h, «2> c-i, 1 



as we see by subtracting the first column from the second in the 
latter determinant. 
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CHAPTER XIII. 

ON JAOOBIANS AND HESSIANS. 

1. If )/i, y^...y„ be n funcbions of the n independent vari- 
ables 0^1, iCj ...Xn, and if 

then the determinant | ««; | is called the Jacobian of the functions 
Vi-'-Vn with respect to the variables x^... «„. The name was given 
.by Sylvester after Jacobi, who first studied these functions. 

The notations 



have been employed for Jacobians, each of which has its advan- 
tages. The first renders evident the remarkable analogy between 
Jacobians and ordinary differential coefficients. The second is 
useful when there is no doubt as to the independent variables. 

If the ys are explicit functions, the Jacobian is formed by 
direct differentiation. 

2. If the functions y-i ■■■ yn '^^e not independent, hut are 
connected by an equation 

*(yi, y^---y>.} = 0, 

the Jacobian vanishes. For if we differentiate this equation with 
t to iCj, we get 



'i dxk dy^ decii ' ' ' dyn dw^, ' 



11—2 
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164i THEORY OF DETERMINANTS [CHAP. XIII. 

where ^ = 1, 2 ... )i. Eliminating 

(?^ d<^ di^ 

dy,' dy.'" dy„' 
from these equations we get (xi. 2) 

djy,, y, ...y^) _^ 

3. If the functions y are fractions with the same denominator, 
so that 






dUi 

dxt 



_, d(y,...y„) 
d{x,...x^)' 



du 



du 

' dxi ' 



dUn 

dx. 



du^ 
du 



dXn 



du 



Add the first column multiplied hy - to the (i + l)st column, 
and we get 



i{x. 



'n)~ 



dxi '" dXn 
dui dui 

dso, ' ' ' dxn 



dWn dUn 

dan, '" dxn 
■whence dividing each of the last n columns by u 
dit/ ,...y„) _ 1 
^"(a;,...a^„)~w"+^ 



du 


du 


'' s.- 


■di. 


du, 


du, 

■(fa. 


du. 


du. 
■ djt. 
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2-6] ON JACOBIANS AND HESSIANS 165 

4. The determinant on the right has been denoted by 
K{u, Ui...Un). It has interesting properties of its own. For 
example, since the Jacobian vanishes if the quantities y, ■■■ y^ are 
related by an equation, it follows that 

K(u, u,...u^) = 
if a homogeneous relation exists between u, Mi ... ii„. 



If 
it is readily shewn that 

ire, .......) = , 

5. If the functions y, ... ynl 



^ t, ' 



:,K (,.„,... v.). 

ssesa a common factor, so that 



d{Xj... Wn) 



u,, 



dxi 



du 



'^dx,- 



In this determinant multiply the first column by 
subtract it from the (i + Ijst column, then 



dxi' 



•lis,- -11.) „.-, 


«, 


du 


du 
die. 




Ml. 


du, 


dui 
dx„ 




W,, 


du. 


du. 
dx. 


_2„, <*(»!.».■■■" 


i_ 


li—'Kiu 


u 



6. If the functions j/i ... i/nare givenonly as implicit functions 
of Xi...a>n by means of the n equations 
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then 

■ifa. ■■■»■ )_■, -|,„ <i(F,...f.) . 'i(f....F.) 
d{a:,...„.) ^ > d(,:,...x.) " d(y,...y,)- 

For if we diiferentiate the ith of the given equations with 
respect to x^ we get 

dyt dxk %3 dxji '" dyn 'i^k dxi,' 
Thus by the rule for multiplying two determinants (v. 4) 

(-i).|f'|=ifl.!*l. 

^ ' I axii I ! dt/k \ I aa)t I 

^ "-' iT«;...i.) rf(s,...!,,)'ci(«,. ..«.)' 

which proves the theorem. 

(i) If Fi does not contain x^ ...ie;.,, then in the determinant 

d{ F,...F^) 

~d (a:i . , , Xn) 

all elements below the leading diagonal vanish, and it reduces to 

dF-, dF., dFn 

diCi ' dxi ' ' ' dxn ' 



(ii) If J?, — y, +/,(»'. -.«.), 




then "if-^i-i 1)-, 




and j;'--"-) j/--/-> 
c((iCj...a;„) d{a:-i...Xn) 




(iii) Suppose that from the given system 
nation 

2/, = 0,(^>, «.,... ^0 


we deduce by eli 


y^^Mvu «. .-a^) 




^3 = 0stol. y.. iC3...iC„) 




Since 

dy-i dxsi '" dt/i_j dxjc dx^ 


-dxt- 
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ON JAOOBIANS AND HESSIANS 




we have 












d4,, 

di,- 


= 


1, 0, 0,.. 




0, 
0, 


d^ 
0, 


a.- 

35.- 




--,^, 1, 0... 












It follows then that 














thus if 




<i(j....y.) „ 




we must have 


rfjCi dx, '" dxn 




i.e. we must have 




f*' = «, 





where i ia some number between 1 and n. Hence 0; does not 
contain «;. That is to say, we Viave 

Now (/;+, = ^+, (j/j . . . j/i, a!j+i . . . a!„), 

and by eUminatiug «i+i between these we obtain 
yi+i = i|ri+, (i/i . . . ?/i , Xi^, . . . Xn), 
so that ytj-i does not contain iCi+i, Similarly we can shew that j/j+a 
does not wntain iCj+i, and so on ; finally i/„ is independent of ib„ or 

So that if the Jacobian of y,... ^„ vanishes these functions are not 
independent. This is the converse of the theorem of Art. 2. 

7. If ^]...2„ are functions of i/i ... )/„, and these again functions 
of iCi . . . a!n ; then 

d(z,...Zn) ^d {z^...z„) d{y^...y..,) 
d{x,...x^) d{y,...y„yd{x,...^,;y 
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For since 

dsi _ dzi dyi dzi dy^ dzi dy^ 

dxj! dpi dxj, dy^ dwji ' ' ' dy^ dxjc 
we have 

I d^i I _ j (ii^i I I dtji I 
\d^k\ \dyk\ {dxkV 
which proves the theorem. 

In like manner, if Si ... ^^ are given a« functions of j/, ... ?/„, 
and these given as functions of Xt ... x„ ; then 

i<-t-.) 0, if.,.>„. 

But if m<n 

d{x^ ...x^) d{yt,yn, y„...)' d(xux,...u;m) ' 
where for t, m, w ... we take a!! m-ada in n (v. 3). 

8. If /i.../„ are independent functions of a:i...iCn, then 
ce^ ... Xn are independent functions of /i . . . fn, and we have 
difi.../n) d{x^...xn) _. 

d(x,...a^yd(f,...f„) '■ 

For differentiating /i with respect to _/i we must consider a;, ...«,i to 

be functions of /^ .../„. Thus 

dfi dx^ dfi dx^ dfi dxn 

dxi d/k dx^ dfi '" dx„ dfjc 

is equal to unity or zero, according as k is or is not equal to i. Hence 



For in the product only the elements in the leading diagonal do not 
vanish, and these are all equal to unity. 

9. It A-\f\. B=\f;\, 

I dxii I ]djk\ 

and Aii.,B.!i, are the complements of-— and -j-r , in these two deter- 

dXk dfi: 

niinants, we have 

, dxi , _ dfi „ 
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Also 



R <^(/i---/m) _ d(a;,^j... X n) 

For we have just seen that 

dfi dx-^ dfi dx, dfi dx^ 









, df, d^n 
■ (it, d/. 


= 1 




dx, dfi 




, df. i. 


-0. 


Multiply these equations by A^u 
then (IV. 11) 


Aji ...Ani re 


sped 






d^,_ 

^dtV 


■^K- 




Similarly w< 


i can shew 


■ that 

dx), 


= *i. 




Again w 


e have (VI 


■ 5) 








1 A„ ... 


. ^.m 1 


„ iJ {/-+.- 


.,« 




a 




d{^„... 


Xn) 



■ ^™ I 

Substitute in the left for A^ the value just found ; thus 

,,. d{=',:.'.) ,„-, J (Z.^. ■■■/.) 

which on dividing by jl™-' gives the result required. 
The last equation is proved in a similar way. 

10. If we suppose the functions /i .../« to depend on t, we 
have (iv. 16) 

^ = SAi. -^ (i, h = \,1 ... n), 
dt ' dtdxj; 



y Google 



170 THEORY OF DETERMINANTS [CHAP. XIII. 

and Aih=A ~ ; 

■" dt \dtdw,dfi~dtdx^dfi'") 

A similar relation holds for B. 

11. The relations between Jacobians present great reserablance 
to the ordinary formula in the differential calculus. 

Th^^s the formulte 

c^(si,..g„)^ rf(gi...^„) (f(yi...y„) 
d(a!i...x^} d (2/1 . . . 2/„) ■ d (^, . . . jc„) ' 

d(iCi...iK„) ■(£(/! .../„) 

are the analogues of 

di _dz dy , dy dx ^ 
dx dy ' dx da:' dy 

This analogy, which was perceived by Jacobi, led Eertrand to 
devise a new definition of a Jacobian, Let /,..,/„ be n functions 
of the variables k, . . . «„. Now if we give to the variables n distinct 
series of increments 

diXi_, diWji ,.. d^Xn 

d^Wj. djiCa ... di^n (1), 



dnXi, dnX^ ... dnW„ 

let tho corresponding increments of the functions be 
difu d^f^ ...djn 
d^u d,f,...d,U (2)- 



d„/„d„/,...d„/„ 
Then just as the differential coefficient of a single function of a single 
variable is defined to be the limiting ratio of corresponding incre- 
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ments of the function and variable; the Jacoliiaa of the functions 
/, . , . _^ of the n variables Xj...a:^is defined to be the limiting ratio 
of the determinants of the systems of increments (2) and (1). 
That this leads to the same Jacobian as before is plain from the 
equation 

ax, (tea »«« 

which gives (v. 4) 

|4/.lH4..|.|g|, 

\d,x,\ d(%...a:„y 
according to our former definition. 

Using this new definition we can prove all onr former 
theorems. Let us use it to prove the first of the above equations, 
viz, the theorem of Art. 1. If the system of increments given to 
X,... x„he 

d,x, ...d,a!^ 



jrresponding systems for i/i -■■ Va ^^''^ ^i ■ 
<kyi ■■■ d^Vn d,Zj_ ...d,gr, 



dnVl ■ ■ ■ dnyn d„Zi . . . dn^n- 

Then we have identically 

\diZi,\ ^ \diZk\ \diyk\ . 
\diaik\ \diyk\' \diXk\' 
or by definition, 

d {.,... z^) ^ d{.,....n) d(y,... y^) 
d{x, ... a;„) d{y^... i/„) ' d((K, ... a;„) ' 

12. We can also, using alternate numbers, obtain a symbolic 
expression for the Jacobian, from which the ordinary results follow. 
Viz., y, ... yn, being n functions of w, ...Xn, let 
y = e^y^ + e^y^+...-\-e„yn, 
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axi cixi dso 
hence (II. 15) 

dx^' da^'" d^„ 


dy^ 
+ . . . + e„ -p , 

dy, dy^ 
dxi '" dxn 




dyn dyn 

dx, "" dXn 

d{y...-yn) 


d{x,...x^) 

But now 

dy dy dx 
dxi dx ' dxi 



Thus the above equation (1) becomea 
/dyY ^ d (y,...yn ) 
\da)J d (ic, , . . Xn) ' 
from which symboHcal equation we can deduce 
theorems. 

For example the equation 

\dxj \dyj 
gives at once 

d(y,...y n) d(x,...x^)^^ 
d{x,...x„)''d{y,...yn) 

13. Jacobians occur in changing the variables i 
definite integral. Let us transform the integral 



i multiple 



I=jj...F(S,...y,)d 



to an integral with respect to x,...Xn, the functions yi-.-yn being 
supposed given functions of a;i,..jc„. 

We proceed in the manner used by Ijagrange to transform a 
triple integral. Beginning with y„ wc have to find the sum of the 
quantities 

Fdy„. 
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while j/i, 3/2 ... i/^_i remain constant. This gives 1; 



aa:„ 



dyn 



A^,..At-A^_.^ AVj'. 



da:„ "' 
Solviog this to find (fa„ we get (si. 1) 

^here j dfe, y.... y ^) 

Hence we must replace dy^ by y-^ t^u, and 

I = \...Fdyi ... dyn= j...F~~dy, ... dy,^jdxn, 
the limits of atn being determined from those of yn. 

In this integral begin by integrating with respect to y^-i- 
We have to find the sura of the quantities F-~-dyn-i, while 
^1 ■■■ yn-3> •'^n remain constant, so that 



dy„ 
^- J- 



da:„-. 



dl/n-i = —, — dx, + ...+ -/ — dscn^i , 
which gives 

Thus dyn-i is to be replaced by y^'tte„_i, and F-j^'-d 
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by F . y^ . ,""' rf««_,. Hence, the limits being properly deter- 



4--t' 



Similarly if we began by integrating this with respect to y„_5 
we should get a system of equations which would give us 

and 

7 = j... F -- dy, ... c^!/„_3(te„_2da;„_i(te„. 

Proceeding in this way .we should finally obtain 

7= j...F^dy,dxi... dxn. 

Then we integrate with respect to i/i, subject to the equations 

dx., = (i, da', = 0, ...dx^^Q, 
so that "we must replace dy^ by -■ dw^, i.e. Jjdxj. 
Thus 7 = ... FJndxjdxs... dain 

= f. ..2?(^)J<&lli:Jt)<fc.i,...<fa„ 
J ^ d{ie„ x^...ir;n) 

F (tc) being the result of substituting in F for y^... y„ their values 
in terms of x^ ... Xn. 

14. As an example let ua consider the following determinant 
of definite integrals due to Tissot ; we shall however follow Enneper'a 
proof 

Let a,, Oe ... a,,i be n constant quantities in ascending order of 
magnitude, and let 

^m (tern) = (a;» - Ihf^ (a^m - "a) ^' . . . (a^ - ««)*'" 

(ctm+i - 3^™)"'"+" ... ((In - x,^f'\ 
where pj, p^ ■•■ Pn are cither positive proper fractions oi' any real 
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negative numbers. The determinant to be considered is then 





! j„...j„ ' 






(«.„-«). 




Thus 





(exp. M = e^). 

Now let us introduce in place of «,, aij . . . x„ the re nc 
yj ... y^, given by the equations 



iCi — da 



Then by XII. 13, 

* /■(«.)' 
and hence 

dxi iCi — a* ' 
Thus by XIX. 11, 



d{ic,...x^) 



= (-1) 






d(^i...fl;„) Si(ai...(i„) 
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Hence in the integral we replace dx, . . . dx„ ^^ (xj . . . ic^) by 

Now if we write 

-f™(2> = (2 - aO ... (^ - 0«){"r.+i - 2) ... («„ ~ 3) 



Wl 


ihave 

Hence 
replaced 




dS: 


■ ?.'■- 


*,(».)*,«... 


*.W 




y,' («,)». J,' («,)».... J.' (o.)». 


i. 




tMo.....",) 





.".s.»--f,' (»,)»■...*'.' («»)»■■ 

Again a^j ... a;,i can be regarded as the roots of the equation 

-^ +-^ + ...+ -3'-=!, 

the roots of which lie between a^ and a^ ; a.^ and a^ ; ... a„ and x , 

Hence )/i ... J/„ take all positive real values. Also we have 

ir, + iPa + ... + «„ = y, + 2/a +...+ i/« + a. + -..+ a» ■ 
Thus our integral reduces to 

(-l)''^?*(»i ■■■» ..) e xp.(-.i.^...~a. ) 
J','(oO«...f,'(o,.)». 

Jo »/■■.. S.'- ' ^ 

_ (-i)'T"r(i -p.) r(i-y.)...r(i-p.) __.._.,, _._ 

15, If )( be a function of n variables x^, x^...Xn and y^.-.tj^ 
its differential coefficients with respect to these variables, since 

dyi __ d !dv.\__ dFu _ _ 
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the Jacobian of 'i/,...yn is a symmetrical determinant formed 
from the second differential coefficients of u. This determinant is 
called the Hessian of u (after Hesse), and is denoted by H (u), 
so that 

The Hessian of it will vanish if the first differential coefficients 
of u are not independent (Art. 2). 



For example, if 

u = x-^x^ + Xi 



2 {xC + . . . + a^i_i + x'i+, + . . . + a!„0. 



^.iXic ; 



dxidxic 



Or, dividing the ith row by ^Xi and the kt\i column by 2xit, 

ff(M)=(2''fl!,«j...«„)^ 



x^ 


+ x 


^ + .. 


+ ««' 






1 








2311^ 










1 




^ 


_+^ 


"2^ 


.+ 


«^ 



This is a determinant of the form of that in iv. 25, If we write 
3o- = aii^ + ic,^ + ... + V 
^ = {a-xM<T-x.I)...{a-xJ) 

If M = ^1/^ + f^ + aV, 

this gives 

H (m) = 24 {9«'^^3= - (a:^ + y'' + z') u]. 

16. Jacobians and Hessians belong to the class of functions 
known as co variants. That is to say, if these functions are 
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transformed by means of a linear aubatitution, the Jacobian of the 
transformed functions is equal to the Jacobian of the original 
functions multiplied by the modulus ol' the substitution, and the 
Hessian of the transformed function equal to that of the original 
function multiplied by the square of the modulus. 

Let the variables be transformed by the substitution 

^i = ai,f +aYs|, + ... + a;„?„ (i = l. 2...n), 

and let the functions yi... i/„ oi x, ... ai„ become in consequence 
the functions )/,', y^' ... y„' of ^, ... |„. Since 

dyt _ dyi dxi dyi d^ dyi dx^ 

d^it dxi dSk (fei rffs "" dx^ d^k 
dvi dvi 

it follows from the multiplication theorem that 

d{y,'.:.yn') d{y, ...y„) , . 

*^{fi.-?«) d(x,...x„y'^^' 
which proves the theorem for Jacobians. 

To prove the theorem for Hessians, let u be the original and 

u' the transformed function. Then since the Hessian of u is the 

_ , . „ du du , 
Jacobian oi -, ... , - we have 

, fdu du' du' \ 



d{(,. f,. 



■ II ¥) 
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clearly 



ON 
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If we have 


« linear functions 




yi = bitic, + .. 


• + h„i=. 




divi...;/.) 


-16..I. 


is a quadric 


function 






»_6„i,' + .. 


. + ^ii,a:iZi,+ 




fl(i<) = 2"i()„ 


:\, (i>0 = i»<). 



(i = l, 2...«), 



The symmetrical lieterminaQt on the right, which is called the 
discriminant of the quadric, is therefore an invariant which on 
transformation is multiplied by the square of the modulus. 



y Google 



CHAPTER XIV. 

APPLICATIONS TO BILINEAE AND QUADRATIC FORMS, 

1, A BILINEAR form is an expression which is linear and homo- 
geneous in each of two sets of independent variables. If the 
number of variables in each set is n, any such form is defined by 
an equation 

A = lai,a>i^,. (i, k^-i. 2,...n) 

If B is another bilinear form with coefficients bn, e. third form 
G can be derived from A and B, with coefficients c.^ which are the 
elements of the matrix («„„) (&„„). Thus 

G^^anbiieXiy^ {1=1, 2, ...n) 

It is convenient to write symbolically 
G=AB; 
it will be observed that AB ia, in general, different from BA, so 
that the multiplication is not commutative, But it is associative 
and distributive ; thus, for instance, if P, Q, It denote any three 
forms, 

P{Q + R) = PQ + PR, P.QR^PQ.R. 

In the particular case when AB — BA, the forms A, B are 
said to be commutable. We have a series of forms represented 
symbolically by positive integral powers of A; these are com- 
mutable, and obey the ordinary laws of indices. 
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2. With any form A are associated the matrix and the deter- 
minant of which the coefficients of the form are elements ; and we 

with a corresponding theorem for the determinants. 

The form PAQ may be derived from J. by a linear transforma- 
tion of each set of variables. For if we put 
^ dP .- dQ „ 

the form A (^, ti) becomes 

^ dyi dxt dyi diei \ dy^ dxj 

= P.AQ = PAQ. 

If the substitution is cogredietit, pii = qu, and the matrices of 
P, Q are conjugate (v. 1): in this case we shall write Q = P' and 
call P' the conjugate of P. 

3. The form 

is called the unit form. If A is an ordinary form, that is to say 
if I j4 I does not vanish, there is a form A"^ such that 

AA-' = A-^Ar^E. 

This is proved by assuming j1~' = "^pit^iyk and equating co- 
efEeients. Clearly 

where cnji is the coefficient of 0^^ in j 4 [. The form A"^ is called 
the reciprocal of A ; its reciprocal is A itself, and if we adopt the 
convention that A" = E, the laws of indices hold for ail integral 
powers of A. 

Again 

(ASC)-'=(7-'B-'^-^ 

and similarly for any number of factors, if ail the forms involved 
are ordinary. 
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If AB vanishes identically, either | ^ | = or | £ | = ; in 
particular, if A is ordinary, 5 = 0, because in this case 

hence the ordinary theory of equations may be applied to sym- 
bolical polynomials involving powers and products of ordinary 
commutable forma. For instance, 

A''-E^A^-E''=^{A+B)(A-E), 

and if either of the factors on the right hand is ordinary, the other 
must vanish identically, if A^ == E. 

4. A form A in which 0^ = except when i = k may be 
called a normal form. Supposing that the coefficients belong 
to a field with the properties stated in vii. 2, it follows from vii. 
10—12 and Art. 2 of the present chapter that rational unitary 
forms P, Q can be found such that 
PAQ^N 
where iV' is a normal form. The number of terms in iV is equal 
to the rank of | .d | ; we shall call this the rank of A. 

The determinant of A and its elementary factors are invariants 
of A. If A, B are any two forms, and \ an indeterminate, the 
result of equating to zero the determinant of \B — ^4 is an 
equation in \, the roots of which are invariant for simultaneous 
transformations of A and B. The most important case is when B 
is the unit form ; putting 

\\E-A\ = ^l\). 
ip (X) is called the characteristic function of A , and 

^ (\) = 
the characteristic equation of A. 

5. Any rational function of a variable t can be reduced to the 
shape 

where g{t), k(i) are polynomials. If, now, A is any bilinear form, 
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g{A) and A. (j1) are the symbolical expressions of two forms derived 
from it. If h (A) is ordinary, the form reciprocal to it will exist, 
and we may write 

f{A) = !,{A)[h(A)]-^.g{A)lh(A). 
Let g (() be a polynomial in (, with roots t,, t^, ... t^; and let 
*(X)-(1-X,)(X-X,)...(A-X.), 
tfiQ^) being the characteristic function of A. Then if 
S'{!) = c((-«...(f-t.), 
S{A).c{A-t,E)..^(A-t.E}. 
and hence 

\g{A)\^c-\A-t,E\...\A-t^E\ 

= (-i)"™c»0((O^(t,)...'/'((™)-(-ir'c''n(4-Xi) 

=g(K,)g(X,)...g{X,,). 

Similarly, if f(A) is a rational function of A of which the 
denominator is ordinary, 

|/(4)]=/{X,)/(X,).../(X,.). 

Changing f(A) into \E~f{A), which is also a rational 
function of A, 

XB-/(4)!-nfX-/(X,)|; 

hence the roots of the characteristic function of f{A) are /(Xi), 
f(\i), ...f(Xn) where \, X^,...\„ are the roots of the characteristic 
equation of A. As a particular case, the form ^ (A) has a charac- 
teristic function X", and the roots of its characteristic equation 
are all zero. As we shall presently see, the reason of this is that 
tf>{A) vanishes identically. 

6, The coefiicienis of A\ A", etc. are rational integral functions 
of the n^ coeflicients 0^; hence it must be possible to find Cj, Ci, ... 
Cp, rational integral functions of the coefficients of A, such that 

■^(A) ^c.A" + c^A' + c^A^+ ... + c^Ar' = 
identically, for some value of p which does not exceed ?i^. We 
may suppose that 11^(^1) = is the equation of lowest degree 
which is satisfied by A : thus Cp does not vanish. 
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Consider the equatio 



where the symbolical expression on the right is an infinite series, 
and r is an ordinary numerical quantity. By taking r large 
enough, the form iS is interpretable, because its coefficients are 
convergent scries in r. Multiplying by i/r {f), we obtain 

where G {r) is an integral function of r with coefficients which are 
integral functions of A ; all the negative powers of r disappearing, 
in virtue of ■'^(A) = 0. Thus S can be represented as an integral 
function of A with coefficients which are rational functions of r. 



rES^A"^ 



A' 



^A'+AS; 
(rE~A)S=A' = E 

where <^ is the characteristic function of A, and 
0, cc,, «„ ... a!„ 



consequently 
and 



F(r) = 



y<' 



file boirig A first minor of 
Since 



= '^fik^iVh, 



rE\. 



and ^ (A) is the lowest function of A which vanishes, i^ {r) must 
be prime to G (r) for arbitrary values of the variables Xi, yi and, 
in addition, must be a factor of ^ (r). Suppose (r) = t^ {r) x (t) ! 



then 



<^{A) = ^{A)x{A) = 0, 
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and conaequently A satisfies the equation 

where (X) is the characteristic function of A. 

Evidently %(r) is the greatest comnion measure of ^(r) and 
the quantities fuc ; in other words (vii. 3) it is the determinant 
factor On_i of (r) written in its determinant form. Hence 
also 

't-W-*('-)/x('-) = -E., 

the )ith elementary factor of (r). 

7. If A is an ordinary form, the constant term in i^C-A) is 
different from zero; for otherwise, we could multiply the equation 
■^(j4) = by ^~^, and obtain an equation of lower degree satisfied 
by A. Suppose, now, x being an indetei-minate, that 

VrW = ?(«-<.)-(«-4)»(^-o)»..., 
a, b,c... being all different from zero. We shall prove that there 
is an integral function of x, say j(^ (x), such that {^ (a:))' — a; is 
divisible by i|'(a;). 

Taking ^a with a determinate sign, we may write 

where F{x) is a polynomial of degree (a— 1), and iJ(ic) is a series 
proceeding by powers of {x — a), which is finite when a — ct = 0. 
Similarly 



Now let 
this is an integral function of x, and 
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where the right-hand member is tinite when .v = a. Similarly 
X(ic)-Va ^ X (x) - ^w 

are finite for « = &, c, ... respectively. Hence 

X«r" "' ,"' ■(^-»)-(«-6)»... 
is finite for all finite values of w, and is therefore an integral 
fvmction. 

Since yfr (A) — 0, it follows that 

and we may write 

The form U is ordinary, and wo may also wiite 
U-' = A-''. 

8. Let A, B be any two ordinary forms, and let 

then 

PAP = B (AB)-i AB (AB)-i - B, 

p-> ei^i = A. 
We have therefore found a substitution 

i i 

which converts .4 (ic, y) into £ (^, i?). The coefficients of the 
substitution are rational in the square roots of the roots of the 
characteristic function of AB. In this field of rationality, then, 
any two ordinary forms are equivalent. 

Let us now inquire whether A cau be transformed into S by a 
cogredient substitution ; that is, whether a form Q can be found 
such that 

Q'AQ^B, 

Q', as usual, being the conjugate of Q. We shall begin by 
supposing that A, B are both symmetrical, or else both skew- 
symmetrical. 
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Suppose P determined, as above, so that 

PAF = B; 

theu since A' =■ ± A, S = ± B, corresponding signs being taken, it 
follows that 

P'AP' = B ; 
and hence that 

If now we put 

V' = P{F)-\3mA 

Hence, also. 



{P-'F)A{P'P-') = A. 

P-'P-^U 
VA^A U'. 



U^A = UAU' = A U\ 
ami, generally, if ;,; ( f7) is a polynomial in U 

Letx(f/)= [^*, and let 

then 

Q'AQ = P U^A{UyP' = PA U'P = PAP = B ; 

so that two symmetrical, or two skew-symmetrical forms, if both 
ordinary, can always be changed one into the other by a cogredient 
transformation, the field of rationality being suitably extended. 

More generally, if we start with 

PAQ^B 
and write (Q'y^P = U, 

then X(U)^=^X(U')-^ 

and if % ( f7) is ordinary 

To make this a cogredient transformation, we must have 

or xm=(qr'F-u. 
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Conversely, if 

it follows that R'A R = B. 

9. Now let A, B be any two forms, A', B' their conjugates, 
and suppose that, u and v being indeterminates, two forms, P, Q, 
independent of u a,nd v, exist, such that 

P{uA+vA')Q^uB + vB'. 

Write 

A + A'=A,. A-A' = A^, 

then Ai, B^ are both symmetrical, while A^, B.^ are both skew- 
symmetrical ; and moreover 

PA,Q = B„ PA,q = B.,. 

Hence, by the method of last article, a form R can be found 
such that 

RAyR = B,. RA,R=B^, 
and hence also 

KAR^ \R' (A^ + A^)R = B, 
EA-R = \R {A, --A,)R^ B. 

Therefore the necessary and sufficient condition that A may 
be transformable into 5 by a cogredicnt substitution is that forms 
P, Q can be found such that 

PAQ^B, PA'Q = B'. 

This result is due to Kroneeker: the proof here given is that 
of Frobenius. The equivalence of bilinear forms, whether ordinary 
or singular, has been completely discussed by Kroneeker and 
Weieratrass ; the subject is too extensive to be pursued here. 
It should be observed that all the theorems of this and the 
preceding articles of this chapter admit of a three-fold interpre- 
tation, according as we refer them to bilinear forms, determinants, 
or matrices. The product of two matrices has already been 
defined i we may call the matrix associated with the form A + B 
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the sum of the matrices associated with A and B, and then 
the symbolic calculus of forms becomes a calculus of matrices. 
From this point of view, the subject was initiated by Cayley. 

10. We have already considered (vii. 10) the reduction of 
a matrix to a normal form ; the process there given also supplies 
a method for the reduction of a bilinear form. 

Suppose, in particular, that the form A with which we start is 
symmetrical. Then, in carrying out the process of reduction, we 
may arrange it so that the elementary transformations are made 
in successions of conjugate pairs. After each such pair tho trans- 
formed matrix is again symmetrical, so that finally we get a 
cogredient transformation 

PAP'^N^iciC^iyi 
where r is the rank of the matrix of A. 

Let us now make the two sets of variables coincide ; then 
A becomes a quadratic form, of which ] <[„„ | is the discriminant, 
and we have the theorem that by a linear transformation of the 
variables a quadratic form can be reduced to the shape 

e,a!]^ + eaiKa" + , . . -I- e^a;/ 
where r is the rank of the discriminant. The discriminant is an 
invariant for any linear transformation, because 
\PAP'\ = \P\'\A\. 

11. The reduction of a quadratic form to a sum of squares 
may be effected by a transformation which is rational in the 
coefficients of the form and in a certain number of inde terminates. 
The possibility of this arises from the fact that the general linear 
transformation involves v? independent coefficients, while the 
conditions that the new form may be a sum of squares are 
^n{n — l) in number, and this is less than nK 

Let us write 

W = Saii:XiXic, ^i= jT -'^'^itO'k', (h /c=l, 2, ...?i) 

and let us suppose that 
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is a matrix, with arbitrary elements y^. Consider the sym- 
metrica] determinant 



••!/.■ 


.. 


■ ■ y™ 


Un 


.. 





.. 





... 






this vanishes identically, because every raiiior obtained from the 
last (n + 1) rows is ; 

The valne of the minor obtained by omitting the last row and 
column is (— 1)" | y^n |° I we denote this by R^, and suppose that it 
does not vanish. 

By omitting from Un the rows and columns which contain 
elements y^ with i or k greater than p, we obtain a symmetrical 
minor which we shall call Up. The determinant obtained by 
omitting the last row and column of Dp we shall call R^. Finally 
let Xj, he the determinant derived from Up by omitting the last 
column, and t>ie last row but one. Thus Xp is a linear function 
of w,, Ma, ■■■ ^. ^id therefore of Xt, x,, ... w^. We s 
in the first instance, that \ann] is different from zero. 

By the properties of first minors (vi. 3) 

-ttpUp—i — JCp^ Upiip^i, 

and hence 

Up^ _Up^ Xp^ 
Rp^i lip Rp^^Rp 

Now Un = 0, and Z7„ = — | a^n | «, as we see by multiplying the first, 
second, ...rttli columns by ^3, x,, ...x^ and subtracting from the 
last column. Summing the equations of which (1) is a type, from 
p = to p = n, and writing R^ = | a„„ | for uniformity, we obtain 

» = -^--^-- ^' (2) 

R„R, RiR, Rn-jRn 

which gives the required expression of w as a sum of squares. 



..(1). 
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12. At first sight it seems that a transformation has been 
obtained involving n." independent parameters; whereas we have 
seen that this is impossible, the number of independent constants, 
in general, being ^n{n + l). The explanation is that the constants 
yni enter into the quantities X(, Ri in particular combinations, 
namely certain minors of | ynn \ '> these are connected by identical 
relations, and the number of ideally independent ] 
reduced accordingly. 

Thus, to take the simplest illustration, let 



ft = a^ + 



2hcy + hy\ (j,,)=(^^); 



then the direct application of the above process gives 
Xi = {Xp — /Lv) {{va - \h) X + {vh - \b) y], 
X, = - (ah - h^) (Kai + vy\ 
R^ — ah — K', iii = — (>V + 2ftX;U — n^^, B^ — (Xp- p.vf; 
a:id formula (2) of last article reduces to 

■vyf +Jav -^h\)x + ihi'- hX) y^ 
h\^ - ihXv + av' 

Here there is only one independent parameter, namely \jv ; but 
instead of X,, Xj we may take arbitrary multiples of them, and 
this gives two more parameters. The method which has been 
explained is due to Darboux ; he has shewn that it does, in fact, 
give the moat general substitution of the kind required. 

13. Let us now suppose that |a„„l is of rank r; that is to say, 
let one at least of its minors of order r be different from zero, 
while all those of higher order vanish. Then, in the notation of 
Art. 11, 

-Ro, R-i, ■■• Rn-r-\ 

vanish identically, but R,^r does not, so long as the quantities ya^ 
remain arbitrary. We shall still have 

for i = 9J — r, w — -i- + 1, ... n; and we conclude as before that 
Ih^^ X\^.+, _X/ 

Rn~r Rn-r Rn-r^-\ Rn~\ Rn 
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In the determinant P,j_t subti-act from the last row the sum 
of the products of the (irst n rows by a^, a^a, ... ai„ respectively ; 
the last row now becomes 

0,0, ... 0,-^1, -^B, ... -l,^,~u, 
where k = ^J/si^s- 

From the last column of this new determinant subtract the 
sum of the products of the first n columns by x^, m^, ... x„ respec- 
tively ; the new determinant is symmetrical, and its value is 

where pij is a minor of R^-r obtained by cancelling the row and 
column containing yn^. But pift = 0, because it can be expressed 
as a linear function of minors of |an„j which are of order higher 
than r : hence 

and 

Jin— r-"ii— r+1 -fiit-T+i -^ii-r+a -f%— i-'^n 

Thus in the general case, where r, the rank of |a„„|, is un- 
restricted, Darbonx's method gives the reduction of u into the 
sum of r squares. The values given to the parameters yni nmst 
be such that none of the quantities Rn-r< .^n-r+i. ■■■ Rn vanishes; 
this is always possible, since they are functions of the quantities 
ygc which are not identically zero. 

14. Returning now to the case when |a„„| does not vanish, 
we will shew that if 

f,. f.,...{,. 

are any assigned independent linear functions of Wi, x,^, ... ic„, 
we can, by a suitable choice of the quantities y^i, express the 
quadratic in the form 

" = ± (Oi^iH- 0=?,+ ... + «„?„)= 

± (&.I.+ ... +i^i?n-. + bnSnY ± ■■■ ± In'^n' 

where H, is a linear function of ^j, Jj+j, ... f„. 
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Suppose |j,= Scj;j(rj, (j = ^! 2, ... w) 

then I c„„ I does not vanish, and tho matrix (/3„„) can be deter- 
mined by making 

identically. In fact, this gives 

(a») = (A.)(<w), 
and therefore O™) = («njt) ("nj"'- 

In the expressions we have denoted by Rp, Up put y^^^iji; 
and to fix the ideas suppose that Xp has been obtained from Up 
by omitting the last row and the last column but one. Let Zp be 
the determinant obtained from Xj, by putting yik = 0ik', then if 
the columns headed by 0u, ^isi •■■ A, ^-i ^^^ multiplied by 
?ii ?s) ■■■ &J-1 respectively, and the sum of the products sub- 
tracted from the last column, the new elements of the last column, 
read from the top, are v,, v^,... v„, where 

Hence Zp, when expressed as a linear function of f,, ^i, ... |^„, 
does not involve |], Ja, ... ^p-,; and this proves the proposition. 

16. The advantage of this transformation is that if we suppose 

SP+i ~ 6JI+2 ~ ■ ■ ■ = Sit = "i 

so that Zp+i = Zp+^ = . . . = ^„ = 0, 

the resulting values of Z,, Z^, ... Zp are linearly independent. 

Hence we get the reduced expression of u as a sum of p squares 

when the variables are subject to (n—p) linear relations. This 

reduction is important in problems of relative maxima and 

minima. 

There are two special cases which deserve attention. The 
first is when J^ = «;;., so that ^ib — ^a, where Sit, as usual, is 
Kronecker's symbol. The value of Rp is now (-l)PAp, where 
Ap is the minor obtained from ]ffl„nj by omitting the first p rows 
and columns : thus, writing A for | a„„ |, we have (Art. 13) 
_ Zf Z^ Z/_ 

^ AA,"''A,A.,"^'"''" A,^i' 
where Zg is a linear function of u,, Ug+i, ... u^- 

s, D. 13 
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The second case is when ^t = a^, so that ^(^ = 0^. The value 
of Rp is now (— l)''dA'j,, where A'j, is obtained from A by omitting 
the (^ + l)th, ... iith rows and columns i thus, with A'„ = A for 
aymmetry, 

^•»-|+&+- + ffS;' 

where Zgis now a linear function of iUj, iCj+i, ... a;„. 

Sylvester has proved that when a quadric is linearly trans- 
formed to a sum of squares by a real substitution, the number of 
positive and negative squares is always the same. The results 
of the present article shew that the variations of sign are deter- 
mined by either of the sets 

AA,, AA. •■■ A^^^A^i, A„_i, 
A'., A'A\, ... A'„_,A'„_i. A'„_iA'«. 
In particular, the necessary and sufficient conditions that all 
the squares may be positive are that either of the series 
A, A., ... A,^i, 
A\, A',,... A'„ 
should consist of terms which are all positive. In the case when 
the variables are subject to {n — p) linear relations, the variations 
of sign in the reduced form of u are obtained from 

I («»>) (A^) I 

I (dnp)- (Oj,^) I 

and its leading minora, the elements /Sft being determined as in 
Art. 14. 

16. If a quadric, by means of a linear transformation, has 
been reduced to the sura of n squares, 

= A^y^^ + A^y.,^ + ... +Aay,:'; 
the discriminant of the right-hand side is AiA^... A^, and hence 
if fi is the modulus of transformation, 

A,As ... An = /J.^ I a^n |. 
Two given quadrics 
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can, in general, by a simultaneous linear transformation 

«i = C(i i/i + Ci^y^ + . - . + Cin.yn {i = 1, 2 . . . w) 
be reduced, each to the sum of n squares of the same linear 
ftmctiona, viz, 

u = A-^y^+ A^y^+ ... + Anyn, 
V = SiAiy-i' + s^A^yi^ + ... +5„,d„i/„^; 
for in order to determine the n' constants, Cit, we have first 
n{n — 1) equations from the fact that the coefficients of the 
products yiyn must vanish, and n additional equations from the 
condition that the ratio of the coefficients of yi' is to be Si', in 
all, n^ equations. 

If we form the discriminant of su, - v, its value for the original 
quadrics is 

|»o.,-6„l (1), 

and for the transformed quadrics 

A, ...4. («-».)(.-»,). ..(»-..) (2). 

The ratio of the quantities (1) and (2) is jj^ ; hence s, . . . s„ are 
the roots of the equation 

A(s) = | sa™-&„„ ] =0 (3). 

17. The following resolution is due to Darboux. 
If we write 



F^m-v. 


^ dxi 


= SUi-Vi 


ave identically hy Art. 11 




jr = s^-^ = -^-.-^ 


SOii — ?)„ . 


. sa,„-b,n, X, 


SMra- &«i . 


■ SO^n—Kn, -3'n 




X, 


X^ 



..(5). 



The determinant on the right is a function of s of order n 
resolve the fraction into partial fractions, and we get 

Sitt], — i]] ... Sfdin — iift, X, 



-A' („)(»-..) 



X, ... X„ 



..(6). 
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The determinants on the right arc all perfect squares by VI. 6, 
for they are obtained by bordering the vanishing detenniiiiint A (si). 
Whence 

where Ui is a hnear function of the form 

If in the determinant (6) we replace Xi by its value from (4), 
and subtract from the last column the first n multiplied by a^i . . . x^, 
and do the same for the rows, the value of the determinant is 



A term is also introduced in the principal dia^nal in the last 
place, but since its minor vanishes by (3) we may replace it by 
zero. Thus Ui is replaced by 

, { -, du ^ du\ 

= (s~„)r,, 

whei'e Vi is independent of s ; 

Equating coefficients of s we get 

which, is the required resolution. 

It is assumed here that Si, Sj, ... s,t are all different: when 
this is not the case, the analysis requires modification. For a 
complete discussion, the memoirs of Weierstrass, Kronecker, and 
Darboux should be consulted. 

18. An important branch of the theory of quadrics is that of 
their linear automorphic transformation. That is to say, as the 
name implies, the discussion of those linear transformations which 
do not alter the outward appearance of the quadric. So that if 
jCi ... Xn are the original, and y^ ... y„ the new variables, 
Xa^XiiKii becomes S»i*?/i»/*. 
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Without entering into a discussion of the general case we shall 
study that particular one which gave rise to the whole theory. 

In the transformation from one set of rectangular axes in space 
to another with the same origin, the distance of a point from the 
origin is the same, and expressing this for the two systems 

x^ + f + z^^x'^^-y""-^^'; 
such a transformation is linear and automorphic, and is known as 
an orthogonal transformation. 

19. The general case of an orthogonal transformation is to 
determine those linear transformations which give us 
a;i=+«2^+...+a;„= = i/i' + 2/,= 4- ...+y„=. 

The theory is due to Cayley, but we shall give it here as 
modified by Veltmann. 

Let us consider the following equations 

feaiflJi + fiaaiCs + ... + fcsniCn = 6,j7/i + &sj^s + ... +i. 



where the system tij is skew, so that 



W2/. 



...(1), 



..(2). 



The rows of coefiicients on the right coincide with the columns on 
the left. 



so that B is a skew determinant, and let Bjk be the system of first 
minors. Solving the system of equations (1) we get 

■Hi = Cii«i + Cis3^s + . . . + Ci^a:^ 

The eoefficient of x^ in iji is given by 

Bcft = Sii6it + Bia^2i+ ... -vBinb^it- 

then Bcih + s = 2S(t£>fot. 
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Now a = B or according as i is or is not equal to k, bhns 

_iBs,z _ W„z - B 
«•- jj-, cu J . 

In the same way 

i»— g-, d,= ^ . 

Thus Ciic^dici, 

and we may write 

1/i — Ci,Xi + CiiX^ + . . . + CinXn 

Substitute for i»i . . . x^ from the second of theae systems in the first 

and equate coefficients of i/* and yi on both sides, thus 

Cii^ + Oi^ + ...+ Ci„' = T.') 

CiiCia + CiiCki + . . . + Ci-^Cim = Oj ■ 

If we substitute from the first system in the second, we get 

Cii^ + Cii^ + - . . + c„i^ = ll 

CiiCii; + CsiCat + . . . + CniCnk = 0) ' 

Whence we see at once that 

and thus the coefficients ca are those of an orthogonal substi- 
tution. 

20. By the preceding article we are able to express the 
n^ coefiScients of an orthogonal transformation by means of the 
|n(n— 1) quantities 



by forming a skew determinant with these, the elements of whose 
leading diagonal are equal to ^ ; and without loss of generality we 
may put z = l. 

For the case )i = 2, let 

B = \ 1, X j=l + V; 
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the system of first minors is 



1, X 

-\, 1. 



Hence the coefficients of a binary orthogonal transformation 
e 

l+V' 1 + V 

-2X 1-_V 
1 4- V 1 + X= ■ 

For a ternary orthogonal transformation 

V, -fi =1 +V + /J.' + v'' ; 

; 1, ^ 

t, -X, I 
the system of first minors is 

1 + V, V + X/A, — (U + Xu, 

— v + X^, \ + fj?, X 4- y:!!/, 
jM + Xv, — X+ /iy, 1 + v'. 
Hence the coefficients of the ternary orthogonal transformation 



l + X'-^j'-v" 



2 — 



+ X^ 



^ B ' 






B "' 



H 






If we write 

X = cus/ tan ^fl, ^ = coa g tan ^^, y = cos /( tan ^6, 
where cos^/+ cos' g + cos' h. = l, 

and therefore B = sec^ \0, 

we get Rodrigues' formula;. 
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For the quatornary orthogonal transformation 



B- 



1, 



b, 
I', 


c 
-9 


1, 


f 


-/, 


1 



Then 

B = \ + a' + h'' + c' +/' + f + h' 
where 6 = af + bg + cli. 

And the system of first minors is 

B^ = — a -fd + eg- bh, 
B,, = -b-cf-ge+ak, 
Bn = - c + b/-ag- hff, 

B]»= 6 + gd— cf+ ah, 
B^= h + fg + cd- ab, 

B„ = l+g^ +<f + a\ 
B,^ = - f+gh-ba-ae, 



B,i = a+f0- hh + eg, 
B,,^ 1+p + b' +c\ 
B^ = — h -V fg ~ ah ~ c$, 
-8«= g+fk+bO-ca. 
B,, = c + kd-ag+ bf, 
B^^- g+ hf-ao- be, 
B-j, = f+gh + ad- be, 
B^= 1 + /^■^ + a= + b\ 



Thus the coefficients of the quaternary orthogonal tranafornia- 
on are 

Bc„ = 1 - d^ + p - aP+ g^ - ¥ + h^ -c\ 
Bc^'iia+fe-bk + cg), 
Bc,^ = 2{b + gd-Gf +ah), 
Bcu = 2{c+h0-ag + bf), 



21. The square of the determinant of an orthogonal i 
stitution is unity, for 

\C{k\''^\dii:\, 

where dik^CiiG,k + c^c^+ .■■ + c™c^, 

ie. dit = 0, d« = 1 ; 

.-. I c;j, [== 1, or I Cik \ = e, 
where e means + 1, 

22. If Gill is the complement of c^ in C, then 
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For we have the system of equations 



CikCik 4- 



■ +C^Cb*=1 



OmC,t+ ... +c^c„t=0. 

Multiply these equations by (7^, Cfa ... Cf„ and add, the co- 
efficient of Cit is e, the others vanish ; thus 
('ii = eOik. 

23, Ally minor of the system dh is equal to its complementary 
minor. 

For I (?!.... (7,j, \ = eP-'\ C^+^p+j.... Cp+,„ I 



C„. ... (7„„ 



by VI. 6, But 



I On 



\ Cfpi . . . Cpj, 
by the theorem just proved. Hence 

e Cii ... Cjj, = Cp+ip+i ... Cp+in 



I C^t ■ ■ ■ Cj^ I 1 Cnji+1 - ■ ■ C,n[ I 

24. If J. '"* = I a„„ I , S'"' = |6„„| be two determinants of 
orthogonal substitutions of order n, then the determinant 

P (\, ;t) = I Xa„„ + /:iJ„„ I 
is not altered by interchanging X and /.i. 

For the symbolical expression for P (X, ^) is 
P(\, /i) = (?U+foB)'* 

= .-... g+5)-, 

as in VI. 7. And as there proved 



P(X, iJ,)=A'»B"" 



_B" 
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Or, if X<"i = 1 =£*"', we have by Art. 22, 

P{\, /t) = I X6a. + ^a;i, I 

From thiK we see, that if from the coefficients of an orthogonal 
substitution of order n we subtract the corresponding coefScients of 
another orthogonal substitution of the same order, the determinant 
formed with these differences vanishes if n is odd. 

25. If we take n quadrics in n variables we may conveniently 
represent them by the system of equations 

Uf = %a4jta)jXic (i, j, k = l, 2 ... n). 

With the coefficients dp we can form a cubic determinant of 
order n which will be an invariant of the system of quadrics m, . . . u^. 
Zehfuss has pointed out that for three ternary quadrics this gives 
Aronhold's invariant, while the auxiliary expressions he gives for 
its calculation are the cubic minors of the second order. 
For the two binary quadrics 

ax^ + 2bxy + cy\ 
a'x' + ^h'wy + c\f, 
it is the harmonic invariant 

aa! — '2bh' + cc'. 

The general theorem is that foi n quantics of order p in 
n variables the determinant of ciass ip-\- 1), which can be formed 
with then coefficient&, is an mvanant of the system. By allowing 
ail the qualities to become identical we get an invariant of a single 
quantic when it is of even oider. 
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CHAPTER XV. 

DETEEMINANTS OF TUNCTTONS OP THE SAME VARIABLE. 



1. If i/i, y, ... i/n are functions of a variable x, and if 






the deter minatit 



S + :^i;/,"». ..<"" = 



7i . y^ ■■■ yn 



is called the determinant of the functions y-t, y^-.-yn, and is 
denoted by Diy^.y^.-.y^). 

2. If y is any function of x, and wc multiply the above deter- 
minant by 



y'"> 



...0 
...0 
...0 



S obtai 



combining the columns of D with the rows of the latter, \ 

^{yVi' yyi — yyn)=f'^{yi^ y^ — yn)- 

In particular if we put yy^ = 1 in the determinant on' the left, 
all the elements in the first column vanish, except the first, which 



y Google 



204 THEORY OF DETERMINANTS [CHAl'. XV. 

is unity, and the determinant reduces to the determinant of the 
w — 1 functions 

<i^\yi/ yi ' " dx\yt) y^ 

If therefore we put 

then Z»(!/i, y,...y„) = --— ^2)(^/, y-I -.yn)- 

3. If the functions yi-.-y,,, are connected by any linear 
relation 

CiJ/i + CsyaH- ... +Cii/„ = 0, 
it is plain by differentiating this n—\ times, and eliminating 
Ci ...Cn between the original and these n — 1 new ei^uations, that 
we get : 

^(yu ^2 -.■«/«) = 0. 

Conversely if the determinant of the functions yi^...yn vanishes, 
then they are connected by a linear equation with constant co- 
efficients. We shall prove this by induction ; we shall assume 
that if the determinant of n—1 functions vanishes, these functions 
are linearly connected, and we shall, shew that the same is true 
for 11 functions. If i/i does not vanish, which would be equivalent 
to a linear relation among the functions, it follows from the pre- 
ceding article that since 

-0(j/i, y^---yn) = 0, 
we must also have 

Hence by hypothesis the n~l functions y/ ...yn are linearly 
connected, l c we have 

C23/2' 4- c^ys + . . . + Cn'yn — 0- 



Dividing by y,' we get 

'■ 4x \yj ^ dx 



©- 
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Thus if the theorem is true for )i — 1 functions, it is true for n, 
but it is clearly true for two functions, and hence generally. 

4, From the formula 
it follows that 



yi 



D(Vu y2, yn) = -D(y.!, i/,/). 
The saino formula also gives 

-Ofa.'. ».'■■■ »»')=j,i;.-01'0(!'.'. »'), i>(y.'. !/.')... -0 (■;■', s.')l- 

Combining these formulse, we obtain the equation 



'[-0(3/1, y=)]"- 

-0(2/,, J/.. y,)...D(y„ y^, y^)]- 
By repeated application of this method we obtain the 
theorem : — 

If Ml, 11.^. ..Urn, Vi, ?!2... ^„ be functions of (C, and if 

^;=D(%, %...«™, V,) (^■ = l, %...n). 



then I){ui, Wb.-.ji™, Vj, Vi,...v„)^ 



{D(Ut, Wa-.--"™))""' 



5. A special case of this theorem is 

l>iyi---yh-i, yk^j...yn, Vk, y) 
^ D i -D (y, ... yt-i. yk+-,---y^, yk), -D (y. ■-■ yt-i, y^+i ■-■ !/«. y)} 

which we may write in the form 

I>(yi— yn,y)D(y>--yk-uyk+i—yn) ^ d D(y,y,.. .yt,-.,.yk+i---y») 

' D(y,...y^)D{y,...yn) dm D{y,...yn) 
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that the functions ?/i ... y-a are independent, let 



Assuming 
s write 

i-,» -P(y. yi---y» ) 

-0(2/,... 2/„) 

■0(3/1. ■■2/^) 

then the above equation can be written 






dx 



The determinant 



■ ».). 



vanishes ii k <n — l, but if A = m — 1 its vahie is B {y-,, 
Expanding it according to the elements of the last row we get the 
system of equations 

2/i2i + 2/#2 + ... + ynSn = \ 

;/i''*2i + ya"'2a +... + 1/„'"^n =0 

y (A). 

1/,'"-^Sl + j9"'-='%4- ... +1/«'"~^3n = 



4-y™'' 



If we write Spj = yi'^'^,'*' + j/^'-^U, 
3 can write these more briefly 

Now we have 
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If /c < 11 — 1, it follows from those equations that 

s„3 = 0, iU + 0<n-l. 
If k — n — i,it foUowa since 

(l_iy.l_r + r,-.,.+(-l)'-0 
that s,t_i.o, Sb-2,1... are alternately equal to + 1 and —1. 

Hence we get the following theorem : The expression i 
equal to zero when p + q<n~l, and equal to (—1)' i 

li k = n, we conclude in the same way that 

»,,.--».«..-».-*.-■■■=(- !)"«.,.■ 
7. Among the relations just established we have 



-(B)- 



If i)(iri, Zi ... Sn) vanished, it would follow, since 
s„„=0, % = 0...s„,„_2 = 0, 
that So,^i would also vanish, while its value is (- 1)"-', Thus the 
functions Zi, z^ ... s„ are not linearly connected with each other. 
Comparing the systems (A) and (B) it appears that the relation 
between yy ... »/„ and Zi ... s„ is a reciprocal one, if we neglect the 
sign when n is even. From each relation between these s 
we deduce a new one by interchai 

with {-!)"-%, {-!)"-' 

Thus from the equatio 
^, -(-!)"+■ 
we deduce 

s.=(-i)'-' 

In consequence of this 



.-..J,, 2i, 2. 


...2„ 






•-2,. .. (-!)■- 


'%, y, 


. s>- 


2/«- 


,!>(!/,...»_„ 


Vw, . 


..y.) 




■0<!/.. </< 


...J.) 






Z)(3, .,.2i_i, 


2*+i-" 


2.) 




-D(ft, 2.. 


..3„) 






s wo Bhall oil 


Zi... 


2, the 


conjugate 
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8. If we form the product by 
determinants 
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of the two following 



V' 


■ ■ », ym ■ 


■ y. 








1 .. 


0, 


... 


.. 


1, 


... 



the first of which is D (y^ . . . i/„), the second D (a^+i 



»" 



■ ■ ^h~i, n— t— 1 



In this determinant the elements common to the first k rows 
and last n — k columns all vanish, whence it reduces to 



yt 



■ s*,« 



The first of these —D(yi ■■■yk); in the second all the elements 
to the left of the second diagonal vanish, whence its vaJue is 

(-1) ^ ^S^,,„S^,,,...S,,,^i^, 

= 1. 

Thus we have 

i) to... !/..)i)fe+....^.) -.»(?, ■■■?.)■ 

li k — 0, we have 

D(!,,...y,)D(!,.. z.)-l. 
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9. From this last equation, wc get 



fW-(-i)" 


D(ji.y,...y. 


) 
) 




- (-!)"&,!/. ■••?.) i'fe,'. ■ 


%). 


P(y)-(-i)"j V, y, ■■■ y. 1 1. o 


... 


V". Ji" - y." 0. 2. 


... «,. 


ji"'. »,'"'. ..y.™ 0,^, .■ 


..Z.IM 


= (-!)" V' «(«' %---s„.„-i 






s",<... .„...«,,„ 






iy«, »„,»„....,,„ 




Similarly we should get 




PW-(-l)"j ^, 2" ... 2" 






s„„, s„, ... s„i 






8„_,,„ S„-i,. 


.. «»-!,« 





10. These determinants occur in the theory of linear differ- 
ential equations. Thus, consider the equation 

a^y + a,f" + ... + Oni/'"' = 

where the quantities a„, a, ...«■„ do not contain p. If yi ... y„ are 
n particular integrals, we have the n equations 

a,yi + a,yi^" + ... + a„2/;W = o (i"= 1, 2 ...n), 
and by eliminating the a's we get 

y, f» ... 2/'"* j = 0, 
Vi. 2/i"' ■■■3/i"" I 

J/n.i/n'". -.;/«*"' 1 
^{y.y^--- y-n) = O- 
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If we aoive the equations for — -' we get 
j 2/!, yi"* ■ ■ . 2/1'""". 2/i"" I I yi. 1/1'" ■ ■ ■ J/i" 



j Vn, 2/ji™ ■■- 2/«*""''. ;/«'"' I 1 2/n. y-nT' ■■■ Vn'"^" \ 

i.e. ^logC(3,„^,,...y„) = -^^ 

■D(y„ y^ ... y„) = exp. [-j~ ^) ■ 

11, Though not immediately connected with the subject of 
the present chapter we shall give Hesse's solution of Jacobi's 
differential equation. 
This equation is 

'~A,dv + A^d^ + A 3 (|di7 - r/d^) = 0, 
where Ai = (t(,| + ai^-q + Oj, (i = 1, 2, 3). 

We can write the equation in the form of the determinant 
?, V, I 1 = 0. 
d^, d-n, I 
A^, A^, A, I 

Now let f = - , V—! l-hc equatioi 



zx ~ s'x, zy' — yz' , ! 



Multiply the first row by z' and add it to the second, this 
divides by z, and we get 

X, y, s 

^1, A, A^ 
Now let us multiply this equation by 
«!, A. 7j 
«2. &i, Iz , 



and let 
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Also assume that 

\i2ii = A^ai + A^^i + Asyi. 
Then 

pi, Pi> Pa 1 = 0, 
dpi, dpa, dps 
\Pi, \P2, 'KpA 



dpi 1^ d^\ = 0, or j logpi, logpa. logP^ 

■ ih ' Ps ' P J 1, 1, 1 

' 1, 1. 1 I I X,, Xs, x, 

■ Xi, Xa, Xs ! 
01', as we may write it 

Pi '~ ' -Pi '~ ' -pt' '' - ^■ 
Since we assumed that 

Aiai + A^^i+ A^'fi = XiPi, 
we have, by equating coefficients of x, y, z 

a, (till - X) + /3, ttia + 7i ttia = 0, 
aiOai + ;8i («23 - X) + 7iO^ = 0, 
«,«„ + /S.ass + 7i («S3 - M = <)■ 
Hence eliminating aj, /3i, 71, we see that V, Xa, X, 
roots of the equation 

! flu — X, a,;, flis = 0. 

O5,, ffl,2— X, a;3 

i Osi. «S£> «3S-X 
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CHAPTER XVI. 

APPLICATIONS TO THE THEORY OF CONTINUED FRACTIONS. 

1. The application of bhe theory of determinants to con- 
tinued fractions gives great facility in the discussion of these 
functions. As usual in English mathematical works we shall 
denote the continued fraction 



^ Oi + o^-i- a,+ '" +a„' 

Such a fraction is called a descending continued fraction. 

In addition to these we shall discuss a less known form of 
continued fractions, which, however, is historically the older form 
of the two, namely, the ascending continued fractitm 



which, in an analogous manner, will be denoted by 

(h «! '" «n' 
Our object is to establish a determinant expression for the 
a to these two forms. 
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write down the system of equations 

&3«5 = a^s + 1»4 



Heneo — is the contimied fraction 

3. If we are to determine the nth convergent, i.e. the value of 
the fraction when we stop at — , we must suppose that iSn+i and 
all succeeding x's vanish, whence wc have the system of equations 

= — b^v, + a^x-t + *3 
. 0= -■ b^n + a^s + Xf 



Solving this set of equations for Xj we get i 

\x,= i h,x. 1 , ... 



% . 


1 


. 


-(.„ 


Ob 


1 . 


, 


-h 


a,. 








. 








. 



0, 


a.. 


i .. 


0, 


-K, 


(h ■■ 


, 





.. 



«2, 1 .. 








-r 


-h, «3.. 










0,0. 


On-l 





0,0. 


-K 


an 





<h , 


1,0. 


. 





~i. 


Uj , 1 . 


. 








-h, <h ■ 


. 








0,0. 


. ra*-i 


1 





0,0. 


■ -K 


a^ 
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da, 1 , 0, ... 0,0 
-6s, ffla , 1 , ... 0,0 
, -b,. a„ \ ... 0,0 

, 0,0,0... «„_!, 1 
, , , ... -6„, a„ 

if we expand (IV. 24) according to the elements of the last i 



column. 










Similarly 










t,= 


<h, 


1 ,0,0.. 










-K 


0^ , 1 , .. 










. 


- h„ o„ 1 . 









, 0,0,0... (E„_i, 
I , , , ... -&„, ((„ 

Since p„ = b^ -j— , we can write the convergent in the form 

4. The determinants of the form q.^ have been called con- 
tinuants by Mr Muiv. Since 

if M„ is the number of terms in the continuant of order n 

an equation of differences which gives 

Since Mi = 1, m^ = 2, we have 

»„ = 1(1 + V5)"« - (1 - V»)"+'l -(- 2"+' V5. 



y Google 



1-6] 



THEORY OF CONTINUED FRiCTIONS 



215 



It is easy to shew by the binomial theorem that this number 
is an integer, Prof. Sylvester obtains this number in the form of 
the series 

, (.-2)(.-3) (»-3)(n-4)(.-5) 

1.2 "^ 1.2.3 '^■" 



l + (»-m 



5. The value of the continuant g„ is the same as that of the 
determinant 

a„ c, ... 

d^, eta, Cs ... 

, di, fflj ... 



0,0,0 ... 
provided only 

c,d,-+i = - K+i (r = 1, 2 ... Ji - 1). 
This is clear if we expand by IV. 24, according to the elements 
which stand in the last row and column. For then 



g« =(in3«. 



((„c„_i3 „. 



= a„g'„-, + b„q'„^, 




where 5/ = ^i, 5./ = q^. Hence §„' = 5^. the equation of differences 


being linear. 


Thus we can also write 


qn= a,, -1, 0,0 ... 




h„ tt. , -1, ... 




0, h, a,, -1 ... 




, , h, a^ ... 




6. The value of the continued fraction 


is not altered if we 


replace 


by khr, kar, kbr+i. 





For the quotient — is unaltered if we multiply numerator 
and denominator by any the same number. If we multiply both 
by k, the row 

...-br, (i,., 1 ... 
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in the determinants equated to p„ and g„ in Art. 3 is replaced by 

... — kbr, ka,-, k ... 
and by Art. 5, in place of the last k, we can write unity if we 
replace hr+i by kb,-^^. 

Since then we can write the continued fraction 
b^ b^ K 

«! + Wi + " ' + a„ 
in the form 



k' 



K- 



g„ can be written in the form of the skew determinant 
, a, , 0,0. 



"VfeD^ 



Thus the convergents to a continued fraction can always be 
represented by the quotient of two skew determinants. 

7. In any determinant D we have 

n _^!£__^ ^_ '^^ 

dOiidOan rfOii dttnn do^n dOm' 

For D take the continuant q^ (Art. 5), then 

d^D 1 J^^ ^ ^^- 

dOiida^n bi '^^' da^n. ^"~" da^ 6j 

dB , , , dD 

, - ^o.J}i ... ba> -T-- - 
fflOin da,^i 

Thus qnPn-i -~ 1n--\Pn = {~ 1)"^A ■■■ b^. 

8, In the case of the ascending continued fraction 

III 02 '" 
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of relation is 



Pn^OnPn-l + K 
q» <inqn-l 

Hence q„ = a,a3... an- 

To determine ^„ we have the system of equations : 
pi = ''i 

- (hPi + Pi ^h 






The determinant of this system is unity, all the elements to 
the right of the leading diagonal vanishing ; 



1 





. 0.. 


, 


I, 


-11, 


1 


.. 


, 


h. 





-a- 


, 1 ■■ 





ll, 








.. 


1 , 


h^ 








.. 


-».i. 


K 



Multiply all the columns except the last by - 1, and move the 
last column to the iirst place ; the determinant is unchanged, thus 



-1, 





, 0, 


lis , 


-1 


..0, 


0, 


Oj 


.. 0, 








. 0, o. 



The nth convergent to the fraction is 



The number of terms in p^ is n. 
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9. By means of these determinant expressions for the conver- 
gents we can transform an ascending continued fraction into a 
descending continued fraction. 

In the determinant p„ of the preceding article multiply the rth 
row, beginning with the last, by 6^-1, and subtract from it the 
{r — l)st row multiplied by hr, and do this for all the rows. The 
determinant is multiplied by the factor 

say, and 






i. 


-1 


... 


0, 


<>,*,+!>, 


-6, ... 


0, 


-a,t. 


Chb,+b,... 


0, 


, 


...o„S 


0, 


, 


.. -a 


0, 


, 






Similarly, since 



Ol, 


-1. 


. 


. . 





0, 


(k , 


-1 . 


. , 





0, 


, 


a, . 


. 





0, 





. 


■ ffl»-l 


-1 


0, 





. 


. 


On 



qn = k\ 



-Oib^, 0561 + 6a, — bi 

, — (la&a . ([36; + 6s . 



0,0 ... - an-,K, anK-., + K I 

Now on inspection it is clear that these determinants are 
continuants, as defined in Art. 3, whose 2nd, 3rd ... (n — l)at rows 
have been multiplied by b^, b^ ... 6„_j respectively ; also 
, dqn 



pn- 



' da, ' 
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Hence by Arts. 3 and 6 

q„ a, — Ojfi, + 6s — Os^a + 63 " ' a»_it„_2 + 6„_i — cs„6^, + 6„ ' 
which gives us a rule for transforming an ascending continued 
fraction into a descending continued fraction, the number of 
quotients in each being the same. 

10. We can make immediate use of this theorem to deduce a 
formula of Euler's, by means of which a senes can be converted 
into a continued fraction. 

Take the series 

8 = A,-A^ + A,-A^+... + {- If-' A„ 



A„ 1, 0, . 


. 


A„ 1, 1. . 


. 


^3, 0, 1, 1 . 


.0 


A„ 0, 0, . 


. 1 



as we see by subtracting from each row the one below it, beginning 
with the last, when the determinant reduces to its principal term. 
Multiplying each column after the first by — 1, we reduce the de- 
terminant to the continuant for an ascending continued fraction, 
Thus the above series is equal to : 

Ai+ A^_+ ^„_i+ An 
^ ' 1-1 ■■■ -1 -!■ 

and transforming this by the role just obtained to a descending 
continued fraction 

^^ ' 1- A,,~A,+ 2;-A,+ ■'■ An~A^_, 

^1+ Aj-A,+ A,-A, + '" A^_,-An' 
If the original series is 
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we can obtain its form as a continued fraction by altering the 
continuant to S in accordance with Art. 6, when we get 

1 A," ^,= 



~A,+ A^- 



-A,+ - 



11. Various generalisations of continued fractions have been 
devised by Jacobi and others. The following generalisation; due 
to Fiirstenan, is taken from a review of his memoir by GUnther. 

If X and y are any two real numbers, and we write 

X, ^2 X., 

y = a„+.^^, ;/, = «, + -, y,^a,+ -... 

, I ,1 ,1 

,x = b„ + - , «, = ?;! + -, X2 = h^ + — . 



where a and b are the greatest integ» 
then on substituting we have : 



i contained i 



, 1 










+ 

a, 
__ 

+ - -- 
a. 


+ — - 








-- ~ 


+ — 






i>. 




1^4 




+ - 


1 




(I4 




^^4 






as 




'^a. 





,1 








-a. 




(I3 


^4 + 


H 


1 
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If now ail that stands to the left of one of the vertical lines be 
called a iirst, second ... convergent, and if we denote the numera- 
tors of ic and y by Xp, Tp, while the denominator, which is clearly 
the same for both, is called Np, we shall have 
{Y, X, -ffV.= a,+,(F, X, N\^%+,{¥, X. ff)^_,-i-(F, X, iY)j,_,. 

Thus the equations have four instead of three terms, and 
we get 

Y.^ = \ a„, b,, 1.0.. 



-1, 



1 . 



. 


0, 


0, 


. 


.11, 


h. 


1 , 


0, 


. 


. 


- 1, 


a,, 


b,. 


1 . 


.0 


, 


-1, 


(t5, 


b,. 


. 


, 


0, 


0. 


. 


.a^ 


<l, , 


6-i 


1 


. 


. 


-1, 


02, 


!>,. 


1 . 


. 


, 


-1 


(Is, 


6. . 


. 



ir„ = 



, 0,0,0 ...C(p 

Corresponding to the theorem of Art. 7 wo ha' 
I Fj,+., Fj,, Fp_i 
Xp+i, Xj,, Xp_i 
I Np+u Np, N„., 

12, If ordinary continued fractions be called fractions of the 
fii-st class, those in Art. 11 may be called fractions of the second 



FUrstenau extends the idea still further, and summing up his 
results we may state them as follows:' If we seek to determine 
n quantities Xi, x^ ... x^ as fractions of the form 
^ X, . _ X, _ Z„ 



= ,v ' '^~ 
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each Buch fraction can be ■written as a continued fraction of the 
(n — l)th class. The pth convergents to these continued fractions 
take the form 

Xpi X^ X^ 

and if 

Oil ... <h,n-^T. 



e the quotients entering into the continued fractions, then 

N^^ajpNp^, +a^Np_^ + ... +a.,n.,,j,ffp_«-i- 
The quotients X and N are always connected by the equation 



^j,-j 



1 ^ -^jj-a. 1 ■ ■ ■ Xp_a. 1 
3, Xp_,,, ... Xp_„,, 



= (-1)"^. 



\N^ , Np_, , jVp_ ... i\V 
The author also shews that the real roots of an equation of the 
nth order can be represented as periodic continued fractions of the 
(«-l)tliclm8. 
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1. The axes being rectangular let the co-ordinates of the 
angular points of a triangle ABG be («„ y,) {x^, y,) {x^, j/^). Then 
if A is the area of the triangle it is plain from the figure that 




A = trap. BN. — trap. BL - trap. CL 
2A = y^m^ - y^x^ + «3 J/i - a^ij/s + «i^3 - fl'^y, 



! 1, 


1, 


1 




1, a;, 


yi 


I?/.. 




x^ 




1, x^ 
1, a., 





If the axes were oblique this would have to be multiplied by 
the sine of the angle between the axes. Thus 
2A-sm(X7)l 1, 1, 11 

Ij.. ft. yA 
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where (XY) is the angle between the axes. This form, however, 
is not often used, and unless the fact is specially mentioned the 
axes are supposed to be rectangular. 

If we multiply the first row by Xj and subtract it from the 
second, then the first row by ^, and subtract it from the third, 
we get 

\y2-y1, j/s-yiT 

It must be noticed that the area of a triangle changes sign if 
we alter the cyclical order of the letters. Thus ABC and AGB are 
equal triangles, whose areas are opposite in sign ; ABG and BCA 
are equal in magnitude and agree in sign. 

2. Let the co-ordinates of the angular points of a tetrahedron 
ABCi)be (iCi, «/i, ^i) ... (a.'i, ^4, 3i). Let F be its volume. 

Let A be the area of the triangle BCI), and let the equation of 
its plane be 

(a) — Xs) cos a + (,y — 1/3) cos + {e — s.^ cos 7 = 0. 
The projection of the triangle BOD on the plane of xy is 
A cos 7, and the co-ordinates of its angular points are 

(ift;, y,) (■^3.3/3) K, 2/4); 
thus, by Art. 1, 

2A cos 7 = I a^s - x^, !Ci~Xi\ 

\y^-y2, y.-y-A 

Similarly we get 

2Acos/3 = | %-s9, 3,-«2l 2Acosa=i^3-y5, y^-y.A 

Ji p is the perpendicular from A on the plane BCD, 

— p = (x-i — a>^ cos a -I- {y, — y^) cos ^ -1- (zj - s,) cos 7. 
Hence 
-6F=-2Ap 

= 2A cos a (ici - x^) -f- 2 A cos /3 {y, - y^) + 2 A cos 7 (z, - 2.,) 

= (iCi-a:0|i/3-ys, y4-yi.\+(yi-y^)\^s-^'^, 24-%! 

1^/3-2/2, y4-ya| 
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1, 



1, 



yi-s/3. j/s-ys. y.-Vi 






If ia this last determinant we multiply the first : 
i>^i, 3/a, ^2 and add it to the second, third and fourth r( 
spectively, we obtain 

t>r= 1, 1, 1, 1 I 



3. If the tetrahedron be referred bo oblique axes through the 
same origin, and if the cosines of the angles these make with the 
rectangular axes be given by the scheme 



X 


X 


Z 


h 


I, 


I. 


m, 


^i 


71, 



whence 

1, 1, 1, 1 



^1, Se, 2 
Now let 



1, 1, 1, 111 1, 0, 0. 

Z„ Z„ jr., X, I j 0, !„ m,. ,., 

7„ F„ F„ F, 0, !„ m,, », 

^1, ^2, ^3, Z^\ I 0, ^B, ms, Jia 



D - 1 ii, 

1 '3 


ma, 77s 




then remembering that 




;,^+« 


,= + %^ = l, 


ii?g + m^^ + 


^,712 = COS 


XY, &c. 
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3 have 



D' = \ 1, cos,XY,G<isXZ 
\ cos YX, 1, cos YZ . 
1 cos ZX, cos ZY, 1 

This determinant is usually called the square of the sine of 
the solid angle contained by the oblique axis, in analogy with 
the determinant 

sin^XF=l 1, oosZr 
I cos YX, 1 
in a plane. Thus 

D'^^smHXYZ). 

And in oblique co-ordinates 

6 7=1 1, 1, 1, 1 i sin (^7^. 
X„ X, ' 



1, 

X„ X,. 

7„ 7„ 

^1. -^., 



4. From the determinant expressions in Arts. 1 and 2 we can 
at once write down a number of geometrical relations. 

If the distances x be measured along a straight line from 
a fixed point, we see that 

I 1, iCi l={a:k-Xi) =(M) 

\ I, ^k] 
is the distance between the two points marked k and ■ 
determinant 



The 



i 1. «!, 



1, 



1, iBj 

1, X, i 



vanishes identically, because it has several columns alike. Ex- 
panding it by rv. 5 according to products of minors from the first 
two and last two columns, we get 

(12) (34) + (13) (4,2) + (14) (23) = 0. 
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Or, if we call the points A, B, C, D, this is the well-known relation 
between the segment^ formed by four collinear points 
AB . CD + AC.DB + AI).BC='0. 
If we expand the vanishing determinant 

I 1, a!i. yu 1, xi, yi \ (i = l,2...6) 
according to minors from the iirst three and last three columns, 
we get no geometrical relation, the terms cancelling each other 
in pairs. 

But if we expand the determinant 

I 1, Xi, yi, Zi, 1, a^i, y,, Zi 1 = (V=l, 2. ..8) 

according to the products of minors from the first and last four 
columns we get an identical relation of thirty-five terms between 
the volumes of the tetrahedra formed by eight points. 
5. Again, for five points, 

1, 1, 1, 1, 1 
1, 1, 1, 1, 1 
«i, x._, x^, x„ x^ 

yu y%. Vt,, ^4, y^ 

I 2l. ■^Ui ^s. Z.. 2b 

If Vj = volume of tetrahedron (2345) and we expand the deter- 
minant according to the elements of the first row, by IV. 10, 
we get 

^1 + % + V,+-B^ + V^^O. 



6. By the theorem vi. 20, 




1, 1, 1 1 


^, 1, 1 


= 1 1- 1, 1 1 


1, 1; 1 


Xj, X^, Xs 


l„?.|, 


1 ^,. ?. ?. 


1^..-.,.% 


2/1. y=. y^ 


jji. %. % 


2/l, ■^1, V2 


%, y=. j/= 



1, 1, 1 




^u 1.. ?. 




1 yu ii. Vi 





1, ], 1 


+ 


ll. CC^, ^3 




vi.y^,yi> 







1, 1, 1 




f„ «., ", 




1,, !/., y. 



y-i<V3' 1)1 

Or if the two sets of three points be called ABC, DEF, 
ABC X BEF^ ADE x FBO + AEF x DBG + AFB x BGE 
is a relation between triangles, 

15—2 
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The product of thu two determinants 






1, 1, 1, 1 




1, 1, 1, 1 






*i, x^, w,, w. 




e. 1., f., f. 






2/., y^. 3/». !/* 




JJi. '^^^ %■ Vi 








1 ?., &, ?., f. 




can be represented cither as a sum of four terms 




1 1, 1, 1, a 1 1 1, 1, 1, 1 


+ . 






^„ a^, ^., f. i.. ?., ^.. X, 








yi. J/a. 3/a, Vi 1 V2, Vi, V^' Vi 








Z., %, H, ?. 1 1 ?., r». ?4, ^4 






or as the sum of sis terms 






1, 1, 1, 1 




1, 1, 1, 1 


+ 






*■., ^=, f„ ?. 




h' ?4, a's, ^A 








;/i, ;/j, i7i, ■^s 




TJa, IJ4, ?/a, 3/4 








: Si, Z,, ?„ ^, 




Ki 


^„ Z., ^4 







Or calling the two sets of points ABGD, EFGH, we have the 
identical relations between the volumes of tetrahedra : 

ABOD X EFGH = ABCE x FGHD - ABCF x GHED 

+ ABGG X HEFD - ABOH x FGED 

ABCD X EFGH = ABEF x GHCD + ABGH x EFCD 

+ ABEG X HFUD + ABHF x EGOD 

+ ABEH X FGCD + ABFG x EHGD. 

Application of Altei-nate Numbers in Geometry. 

7. In applying alternate numbers to geometry, a number 
stands for a point in a flat space whose dimensions are one less 
than the number of units. 

To begin with a plane, the units ei, e^, e, stand for the vertices 
of a fundamental triangle ABO. Any other number 
P^a:e:+ ye-i + se^ 
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stands for some point in the plane of the triangle. It is generally 
convenient to assume that 

x + y + 2^1, 
so that ic, y, z may be taken to mean the ratios of the triangles 
P50, PCA, PAB to the triangle ABC, thoirgh this is not neces- 
sary. 

If P and Q are two points, then 

mP + nQ 

is a point in the line PQ. dividing PQ in the ratio n : m. Thus 
^ {P + Q) is the middle point, and P — Q the point at infinity of 

PC- 

Similar definitions hold for a space of three dimensions. 
Four points ABCD being taken and represented by the units 
e,, fia, ^3, e, any other point in the space is represented by 

where if we choose we may write 

x + y + 2 + w = l, 
X being the ratio of the tetrahedron PBCD to ABCD. 

And so on for a, space of any number of dimensions. 

Then a binary product e,^s is a unit length measured on the 
line joining the points e^, e, or the distance between the points 
e„ eg. 

A ternary product e^-e^et is a unit area measured on the plane 
of the points e,, eg, et, or the area of the triangle formed by the 
points e„ e,, ej. And so on. 

In a apace of two dimensions the product of three points is 
the area of the triangle they form referred to the fundamental 
triangle. 

Now if P = iSig, + 2/162 + ^163, 

R = x^i + ... 
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And Sie^s ~ ABC — A, the area of the fundamental triangle, so 
that in areal co-ordinates 



Similarly in a flat space of three dimensions if 

61656364 = y 

is the volume of the fundamental tetrahedron, the volume of the 
tetrahedron formed by four points is 

x^, y^. Si, 

■^Bl Vil ^3i 

! Xt, y^, z^. 

Similar definitions may be stated with reference to iiat spaces 
of more than three dimensions. 

The asBumption which has been made throughout the present 
work, that the product of ail the units of a system is unity, 
receives here its justification and explanation. For, geometrically 
speaking, the product of the units is the measure of the funda- 
mental figure of the apace considered, which is onr unit of 
measure. In a plane, for example, it is the area of the triangle 
of reference, in ordinary space of three dimensions the volume of 
the tetrahedron of reference. It is no part of the plan of the 
present treatise to develop the geometrical applications of alter- 
nate numbers ; for these we must refer to the memoirs and works 
of Grassmann and Schlegel. 



Angles between straighi. linen. Solid angles. Spherical figures. 
8. With rectangular axes let 

li, 7n,, n, Xj, /ij. III 
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be the direction cosines of two aets of straight lines, then 

cos (ik) = ZjXj; + 'n^fik + '"iVk 
is the cosine of the angle between the ith line of the first and fcth 
of the second system ; and, by compounding the two arrays, we 
get the determinant 

I cos (ik) I . 

; two sets of four straight liiies 



Hence by V. 3, if there 
we get 

cos (11) . 



cos (14) = 0.. 



-(i). 



cos (41) .. 



»8 (M) 



If there are two sets of three straight lines a,h,c; /, g, k, 



^af. 


COB 


»J, 


mat, 


cost/. 




ig. 


CO. 6ft 


C08C/, 


00! eg. 


cosci 



= 


k, rth, n, 




\. fh. », 




l,,m,.n. 




^2, /^, "l 




!.,"...«. 




^S. ft. "s 



= sin (([6c) sin (fgh) (ii). 

If there are only two straight Hues in each set 

I cos (11), cos (12) I = I ^1, Wi I 1 Ji'i, /ii I + 

I cos (2]), cos (22) I I ;„ 5Ka M ^' i"= ' 
Now if n, V be the directions of the shortest distances between 
the lines of each pair, and 0, (p the angles between the pairs, 
' Ij, m, I = sin ^ cos (ras), &e. 
L, m^ \ 

.-. I cos (11), cos (12) I = sin fl sin 1^ cos (?iy) (iii). 

1 COB (21), cos (22) i 

9. If in the relation (i) of Art. 8 the two sets of straight lines 
coincide with one set of straight lines a, b, e, d. we have 
1 , cos (ah), cos {ac), cos (ad) = 0. 
cos (ba), 1 , cos (6c), cos (bd) 
cos (ca), cos (cb), 1 , cos (cd) 
cos (da), cos (db), cos (dc) 1 
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This is the identical relation between the mutual inclination 
of four straight lines in space, or also the relation between the 
sides and diagonals of a spherical quadrilateral. 

If we write — cos {AB) for cos (a6), or what comes to the same 
thing change the signs of the elements in the leading diagonal, it 
becomes the identical relation between the cosines of the dihedral 
angles of a tetrahedron formed by four planes A, B, 0, D perpon- 
dicnlar to the lines a, b, c, d. 

10. If the two straight lines marked 1 coincide with two 
straight lines u, v ; while those marked 2, 3, i coincide with a 
set of oblique axes x, y, z, 



cos uy. 



cos uz 
cos xz 



cos yv, cos yx. 



^0. 



cos zy, 

which gives the cosine of the angle between two straight lines u, v, 
referred to a set of oblique ases ic, y, z, in terms of their direction 
cosines. 

11, As another example of the use of the same formula, let 
ABC, A'B'C he two spherical triangles, 0, 0' the centres of the 
small circles circumscribing them. For our two sets of straight 
lines take the lines joining the centre to O'ABG, OA'B'G'. Then 
if 00' = ^, and R, R' are the radii of the circumscribing circles, 
we get 

cos 1^, cos R', cos R', cos R' = 0. 
s R, cos {AA'), cos {AB'), cos {AC) 
s R, cos {BA'). cos {BB'), cos {BO') 
I cos R, cos {GA'), cos {GB'), cos (CC) 
We can write this 

a{ABG)s\n{A'FG')^ 

\,tio&{AA')...Go%{AG') 

l,cos(0^')-cos(COO 
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If bhe angle at which the small circles cut is T|r 

cos — cos It cos R' — sill jR sin H' cos i^ ; 
and the above formula can be written 

(1 - tan R tan R' cos -f) sin (ABC) sin (A 'B'C") 



0, 



1 



1 



l.cos (AA') ... cos (AC) 

I 1, cos (GA') ... cos (GC) I 
If the two systems coincide i/r = tt, and we get 
sec^iJ, 1, 1, 1=0, 



1, 



1, 



1, cos c, 1, coi 
1, COB h, COS a, 
«, b, being the sides of the spherical triangle. 

12. Similar relations can be developed in the same way for a 
plane. 

In a plane we can shew that for two sets of three straight lines 
I cos (11), cos (12), cos (13) =0, 

COS (21), cos (22), cos (23) 
I cos (31), cos (32), cos (33) 
and then deduce 

1, cos C, cos S I = 0, j cos (xy), cos (««), cos (xb) \ = 0, 

cos C, 1, cos A j I cos (ay), 1, cos(a&) I 

cos£, cos.^, 1 I i cos (by), cos (ba), 1 I 

similar to the equations in Arts. 9 and 10. 

13. Next, let ua compound two arrays 

1, I,, m,, n, 1. '-\.— Ml, — i"! 



1, Ip, nip, tip 
We get the determinant 

; 1 — cos (ik) I 



-.\2sm'i(it)\ 
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Hence, by v. 3, for two sets of five straight lines 

|8in=i(ll)...8iBH(15)l = (i). 



|8m^4(.51)...sinH(55); 
For two sets of four straight lines a,, b, c, d ; a, h', c', d\ 



sin=^((Hi')...siii^i(arf') \ 



■\^^(da')...s\3^\(dd') i 



(1-1,2,3,4) (ii). 



Expanding the determinants on the right according to the 
elements of their first column, our determinant 
= [ain (hcd) + sin {cad) + sin {ahd) — sin {abc)\ 

X (sin {b'c'd') + sin (c'a'd') + sin {a'b'd') - ain (a'b'c)]. 
For two sets of three straight lines, our determinant is 
I l-cos(ll)... l-cos(13) I 



! l-cos(31) ... l-cos(83) I 







1, l-cos(ll)...l-cos{13) 

1, 

1, 1 -cos (31)... 1- cos (33) 



-\h -1, .. 

I 1, -COS (11) . 



!l, ~cos(31) ... 



s (33) 1 



This is equal to the sum of the products of determinants of 
the third order taken from the two arrays. Omitting the term 

ill, iwi, % 1 ] -X,, -/ii, -III I = I -cos (11) ... -cos (13) I, 

^3, wis, "3 1 I -X,, -/^.. -"J ' -cos (31) ... -cos (33) I 
we get 

|0, 1 ... 1 l = !l,;,m||l,X,^| + |l./,K||l,X,j'| 

■ 1, cos (11). ..COS (13) I +!l,m,m!il,^,7'|. 



I 1, cos(81)...cos(33)| 

If the straight lines be called a,b,c; a, b', o, and iV"i, X.^, .Vj 
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are the directions of the shortest dietances between ho, ca, ab, 

we have 

1 1, ^, m I = ein (6c) cos (JViz) + sin (ca) cos (N^) + sin {ab} cos (iVja), 
1 1, \, ju. I = 5in{b'(f}coB(N^e)+sia(c'a')co5{N^'z)+&m(a'b')aoa(N^z), 

and similarly for the other determinants. In particnlar, H abc lie 

in one plane, and a'b'c' in another, the normals to the two planes 

being N, N', the value of the determinant is 

{sin(iic)+sin(ca) + sin(a&))[ain(6'c')+sin(c'a.') + sin(CT'6')l cos (iViV'), 

viz. this 

= - 0, 1 ... 1 I 
.os(a«')..-cos(ac') 



..(iii). 



1, cos (ca') .. . cos {cc') \ 



For two sets of two straight lines we deduce in the same way, 
R, r are the directions of the external bisectors between them. 



jO' 1> 1 I. 

I 1, cos (11), cos (12) i' 
I 1, cos (21), cos (22) I 



.cos(iJr). 



14. If we compound the arrays 

^1, m,, n,, 1, \, fii, Vj, 0, 1 



^i, mi, tii, 1, 
0, 0, 0, 0, 1 
get the determinant 

j cos (11) . 


Xi, liu vi, 0, 1 
0, 0, 0, 1, 0, 

. cos (1*), 1 i 


COS (il) . 

1 


. cos(n),l ■ 
1, 



Hence for two sets of five straight lines 

C08 (H) ... COS (li), 1 



j COS (51) ... COS (55), 1 I 
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For two sets of four lines 



\l,l,m,n\\l,\^,v\, 



js (11) ...cos (14), 1 

>s(41)...cos(44), 1 
1 ,,. 1, 
and so on. 

But these arc not new theorems. In the first, for example, if 
we expand by iv. 24, accurding to products of elements in the last 
row and column, each term vanishes by Art. 8. 

On Systems of Straight Lines. 

16. If irP.JlZl.IZl 

COS a cos 0. cos 7 

be the equations of a straight line, then 

(( = cos a, b = cos ^, c = cos 7, 

/=| 7 r I, sr = | r p \, h=^ p q \ 

\ cos yS, cos 7 I j cos 7, cos a ■ . cos a, cos ^ \ 

are called the co-ordinates of the line. It is plain that 

af+bg + Gh = Q. 



16. If the constants belonging to two straight lines b 
by the suffixes 1 and 2, the equation of a plane through the 
second line, parallel to the first, is 

I a; — ps, y — q^, 2 — r, , = 0. 

cos Hi, eos^i, CO871 ! 
I cos «3, coSySa, cos 72 I 
If d be the shortest distance between the two straight lines, 
and 8 the angle between them, it follows that 
d sin ^ = I Jh - 2>2. 9i - ffa. i'i — i'i\ 
cos «!, cos j8i, cos 7i i 

I cos fta, cos ^2. COS 7.J ' 

= I Pi, 9i. n I + 1 P;. 9a. '■2 j 

cosOi, coa^,, COS71 I cosOj, cos ^2, 00373 

I cos Sj, cos ^5, coS7j I I cos a,, coSySi, 0087, I 
= da/, + h,f)i + C^/fi + Ui/; + >hg^ + C,/l5 . 
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If the expression on the right vanishes, then either d = 0, 
i.e. the two straight lines intersect, or sinfl = 0, when they are 
parallel, and hence also meet. It is convenient to have a name 
for the expression on the right. If a unit force acted in one of the 
lines its moment about the other would be dsin 6, i.e. in terms of 
the co-ordinates of the lines 

"i/a + ^!J2 + cJh + (i~if\ + h^g^ + cjit . 
Hence we shall call this the moment of the two straight lines. 
If two straight lines meet their moment vanishes. 

17. Let us take two systems of straight lines whose co- 



(in ''i- C,,/|, ,9i, ''a 



f:.9^jH,a^,b:,c: 



Oi- h, Ci.fi, gi, hi //, g(, hi, ai, b/, c^ . 

Then if m,.s denotes the moment of the line r of the first and 
s of the second system, by compounding the two an-ays we get 
the determinant 

I ^* I- 
Hence for two sets of seven straight lines 
I m,i ... m,j I = 0, 



an identical relation between the mutual moments of two sets of 
seven straight lines. If the two systems coincide 











For two sets of six straight lines 
I mi, ... mis 1 = 1 <h, h> Ci.fugi, hi 
\x-\fi\gi,fk',<^i,bi',Ci 



(i=l, 2...6 



I mm ■ 



mss I 



If one of the sets of six straight lines — say the first — is met by 
a common transversal whose co-ordinates are a, b, c, f, g, h, we 
have for each of the straight lines of that system 
o-fi + ^gi + <^hi -Vfai + ghi + fec; = 0. 
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Thus the first of the determinants on the right vanishes, and 



is the relation between the mutual moments of two sets of 
six straight lines, one set of which is met by a common trans- 
versal. 

If the two sets coincide we get the identity for a system of six 
lines met by a common transversal. 

18. If the momenta of a system of forcos about one set of 
seven lines be nii, ma ... mj, and about a second set n,, ns ... liyi we 
can establish an identity among the moments involved. 

For if any force P of the system act in a line whose co-ordinates 
are a, b, c,f, g, h, we have 

TO, = 2P |a/i + hg, + cht +/a, + gh, + ho^l 

=frtPa + g{tPb + k,%Pc + n,SP/+ b^tPg + c,%Fh, 
and six other equations for m^ ... n^7. Hence eliminating 

SPa, SP6...2P/t, 
we get 

I "*!. "i> ^1. c,,/i, £fi, Ai 1=0, 

I m„ a„ h,, c,,/„£r„ k, \ 

and a similar equation for the other system. Hence each of the 
determinants 

''h, 0,/i', ^i', !h', a/, J>|', Ci' 



0, TOi, «!, bi, Cufi, g„ h 

0, JJ(j, Or, b,, c,, f„ ^,, h, 

1, 0, 0, 0, 0, 0, 0, 



^7. Oi/j'.g-j', k/, a/, b/, C7' 
0, 1, 0, 0, 0, 0, 0, 



vanishes. Forming their product we get 
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Tetrahedra and Triangles. 
19. Let there be two systems of points in space ^ 
ordinates referred to rectangular axes are (wi, yi, Zf), {^i, ij, 
us compound the two arrays 

iCi,yi,^i, 1,0 -2|i, -2»)„-25',,0, 1 



^i,yi,^i< 1. 
0, 0, 0, 0, 1 
we obtain the determinant 



-2fi, -2i;i, -2fi, 0, 1 



1 



where c^s = — 2ic^?( — ^^IrVs — ^^r^s ■ 

To the rth row add the last multiplied by ^/ + y^^ + ^/, and to 
the stb column add the last multiplied by f^^ + )?/ + fe^ the deter- 
minant is unaltered and its elements are now 

dn = a:^' + Vr' + V - 2iC.|, - iyrVs - ^^r^s + V + ^/ + Ki 

i.e. dn IS the square of the distmce between the rth point of tlie 
6rst and «th point of the second system. Wo have then the 
deteiramant 

d,i, 1 I 




is the identical relation which subsists between the lines joining 
two sets of five points in space. If the two systems coincide 
da = 0, and the determinant, which is then symmetrical, gives the 
relation between the lines joining five points in space. The 
relation in this form is due to Cayley. 
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If ; - 4, 
I d,^...du, 1 I 



j„ 1, 



-2fi, -27j^, -2f„ 0, 1 



I 1 ... 1 , I 0, 0, 0, 0,1 , , , 1, 

= 288F7' (ii), 

where V, V are the volumes of the tetrahedra formed by the two 
sets of four points. 

If the two sets coincide in a single tetrahedron, for which 
a, a; h, h': c, o' are pairs of opposite edges, 
288F-^ = 






c' 


S", a- 


1 


e" 





c", f 


1 


V 


c= 


0, a^ 


1 


a' 


6" 


a', 0, 


1 


1 


1 


1, 1, 






If i=3, we havi 
d,,...d,,, 1 =-4i^,>/,lll|,^,li-4ia',2,l||E?,l|-4|y,3,lj|t,,e,l|. 



1 ... 1, 
all the other determinants on the right vanishing identically. 

Now if A, A' be the areas of the triangles formed by the two 
sets of three points, (I, m, v), (X, ft, v) the direction cosines of 
the normals to their planes, 

I «, ^, 11 = twice projection of A on plane my = 2Ait, 
and similarly for the others ; hence if (j> is the angle between the 
planes of the triangles 

... d^„ 1 =- 16AA'cos0 (iii). 



dsi ... dss, 1 



Lastly, if i= 2, 





*„ 4,, 1 


. ^,. 1, 


-2{„ 0, 1 




d.. d., 1 


«s, 1, 


-2f„0, 1 




1, 1 ,0 


0. 0, 1 


, 1, 


2(«,- 


-•.Xf.-f. 


+ 2(j,-y!)(i 


,-,,) + 2(2,-J 



.)(f.-W, 
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the other terms vanishing. Now it' a, b be the lengths of the 
lines joining the points of the first and second systems and ff 
the angle between them, 

a ' b 



= cos 0. 



Hence 



dju d,,, 1 1= 2ab cos (iv). 

d.,„ rfffi, 1 
1 , 1,01 



20. If in case (iii) of Art. 19 we allow the two sets of three 
points to coincide with the vertices of a single triangle whose 
sides are a, b, c, 

~UA'-= 0, c^ b\ 1 I 



b\ «^ , 1 1 
1, ] , 1, 



Multiply each column by abo, then 



-16A^a^?>V = 



, abc^, ab''c, abo 
ab&, , ul'bc, abc 



ab'c, a?bc, , abc ■ 
abc , abc, abc , 

Divide the first, second, and third rows and columns by 
be, ca, ab respectively, then 



0, 


c. 


b. 


a 


c, 


0, 


a 


b 


b. 


a. 





c 


a 


b 


<^, 






a 


1), 


c 





b, 


a, 





c 


c, 


0, 


a 


h 





c. 


b. 


a 



by an interchange of columns. 

If in the first expression for — l(iA^ we ( 
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third columns by ft=, and then multiply the first and last rows by 
a'^ '^'>i get : 

c', b^, a? 

0, 1, 1 

1, 0, 1 
,1, 1, 

ll. If in case (ii) of Art. 19 one of the sets of four points— 
jhe first — lies in a plane, then K = , and 
.d,„ 1 =0, 



^41--- (^«, 1 



1 



1 



If one of the sets in case (iii) lies in a straight line the cor- 
responding triangle vanishes ; hence 

, du-..d,„ 1 =0. 



, 1 



By allowing the second system to coincide with the first i 
get the identical relations between the lines joining four coplan 
and three coUiuear points. 

22. In the identical relation 
du-.. d,„ 



■ d^. 1 



between the squares of the lines joining two sets of five points, 
let the fifth point of the fii«t system be the centre of the sphere 
civcumaeribing the tetrahedron formed by the first four points of 
the second system, and the point 5 of the second system the centre 
of the sphere circumscribing the first four points of the first 
system. Then 

1^11 = 1^26 = d^ — dis = R^ 

da — dsi = ds, = d^ — R''. 
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Also, if <p be the angle at which the two circumscribing spheres 
iutersect, 

d^=^R^ + R'" + 2RR' cos 4,. 

Hence with an interchange of rows and columns 
... rf„, 1, R' =0. 

d„ ... d^, 1, R-" 
1 ... 1, 0, 1 
E' ...R'\ 1, d,^ 

Multiply the fifth column by B? and subtract it from the last, 
and the fifth row by R'^ and subtract it from the last, then 

rf,l ... di4, 1, 



d,^ ... d», 1, 



1 . 



1, 0, 



... 0, 1, SEE'ciL 

Or, resolving according to the elements of the last row and colui 
we have by Art. 19 (ii) 

576FiEF'i£'cos^= j d,, ... d,, I 



I d„ ... d,. 



We see from this that so long as the circumscribing spheres 
remain fixed the tetrahedra can turn about in them without 
altering the value of the determinant on the right. The determi- 
nant vanishes if the circumscribing spheres of the two systems 
cut orthogonally. This relation is due to Siebeck. 

23. If in Art. 22 we allow the two tetrahedra to coincide we 



i(i(6Fii)= = 



0, a; 

a', 0, 


b", e'- 
c', 6- 


y, e; 


0, o" 


c'; !>■, 


a', 
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id columns by 



Multiply the second, third and fourth ro 
a°, 6', c' respectively, then 



0, (aaj, (buy, {cc')= 
(aa"f, 0, a^b^(f, a^b'^d' 
{bbj, a?b'c\ 0, a^6V= 
(cc')^, a'bV, o?b''&, 

Divide the second, third and fourth rows by {abcy, then multiply 
the first column by the same quantity, 



16(tiFif)' = - 


0, (aaJ, {bbJ, (cc'y 




(aa'y, 0. 1, 1 




Ibbj, 1, 0, 1 




{roj, 1, 1, 


Now if we write 


aa' = kx, bb' = ky, cc' = ke. 


then if A is the area of the triangle, whose sides 


have by Art. 20, 

(6VRy = ¥A\ 




(iVti = k'A. 



This triangle, whose sides are proportional to the square roots 
of the products of pairs of opposite sides of the tetrahedron, has 
many interesting relations to the tetrahedron. It is sometimes 
called the conjugate triangle. 



Formulw relating to the Ellipsoid. 
24. Let (iKj, yi, Zi) and (^j, fji, J^;) be two sets cf points on the 



a' o' c^ 

Then, if dys denote the square of the distance between the j-th 
and sth points of the two systems and D,.^ the square of the parallel 
semidiameter, we have 



-!;-(' 



_ ^r|s _ Vfl: _ SrV\ 
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Hence, if we compound the two arrays, 

5 S. jj J ^2|, _2,, _2?, 2 

a' b ' c' a ' b ' c ' 



^ w 5 J _26 _?s _!r< 2 

a' b' c' a ' b ' o ' ' 

we get as in the preceding articles : — 

For two seta of five points situated on the ellipsoid, 

I «„ ... <h5 \=0. 



For two sets of four points forming two tetrahedra of volumes 

r, V, 

I «,.... <x,, I 57(i7F' 



Similar formulse can be established for an ellipse in a plane. 

If the ellipsoid become a sphere, a = b = c = It, and sim 
diameters are equal, we can replace Ors by d^a- Thus 



is an identical isolation between two sets of five points on a sphere. 
This relation is due to Cayley. 

The second relation in this case reduces to the result of 
Art. 22, when the two tetrahedra have the same circumscribing 
sphere. 

25. If the points («;, i/i, H)(Si, Vi. ^d ^"^^ ^i*^*' situated on the 
ellipsoid, then since 

_ «/ 1// z,^ _ 2a^v^s _ 2^r^ _ 22r|^ _L ^ o. 5l 4. ^ - 
~ a? b^ c= a' b^ tf a' b' c^ ' 
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if we compound the two arrays whose rth rows are 
'^,yl,^ ^ Vi ti -• 



we get the identical relation (v. 3) 



for any two systems of six points in space, and 

5. il 



1, 



a' b ' 



{i* 1.' tf\ 
of ty <? 



(i=1.2,..5), 
for any two systems of five points. 

If in the latter equation all the points of the first system lie 
on the ellipsoid 



^n'-(^')'+(^')"= 



a'' b^ (f a' 6' c^ if b^ o- 

satisfied for each point of the system. Hence we see by eliminat- 
ing 

~3p zM zIt. £' + ^+r!„m' 

a ' b ' ' a? b'' c^ 
between these five equations, that the first determinant on the 
right vanishes. Hence 

I a,i---a,. 1 = 0, 



if the five points of one of the systems lie o 



ellipsoid similar 
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and similarly situated to the given one. If the ellipsoid reduce 
to a sphere, we get 

I d,,--.d,, , = 0, 



an identical and homogeneous relation between the lines joining 
two sets of six points. And 



fur five points situated on a sphere. 



26. In like manner, if for the same systems of points as in 
the lasit article we compound the arrays 



|. !■?■!•» 




— f'. 


6 ' 


-f.0,1 


?■!*•?.'■« 


_2f, 
a 


ill 
5 ■ 


-|!,0,1 


0, 0, 0, 0, 1, 




0, 


0, 


0, 1.0 


e get the determinant 


c. 


■■0,,, 1 








ft. 


..e«, 1 






1 


.. 1 







"'■?? - ?:I!rl' ^^'■^' 



Multiply the last column by 

5' ^s' C' 
a' 0^ c^ 

and add it to the sth column, and the la 

xJ yJ zJ 



row by 
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and add it to the rth row, then the element at the intersoction of 
the rth row and sth column is 

And hence (v. 3), 



an 


■ ll, 


1 


cIh 


■■Oss 


1 


1 


.. 1 





is an identical relation between any two sets of five points in space. 
If the ellipsoid becomes a sphere we regain Cayley's relation 
(Art. 19, i). 

For i = 4, we have 

288 rr 



,.Mi4, 1 



«„ . . . ^4, 

1 ... 1 



a'b'o' 



V, V being the volumes of the tetrahcdra formed by each set of 
four points. 

27. The polar plane of a point P(i«,., J/r. ^c) with respect to 
the ellipsoid is 

iCXr y/r ZZr , 

The distance of a point Q (?s- ^s. Ki) from this plane is 
If (Q, P) and q denote like quantities for the point Q, 

{F,q)jq,¥)^^ iK..g. yrv. zX. 

p q a^ b^ c- ' 

'This function has been called by Faure the index of tlie two 
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Then, by compounding 



points P and Q; let it be denoted by /, 
the arrays whose ith rows are 



a ' b ' 



7:4 ■iQW 

■■■■ ~ a'b'd' ' 



28. It may be lemarlied that these apace relations connected 
with an ellipsoid are not really more general than those connected 
with a sphere. For they may be deduced from the latter by 
applying to the whole configuration the homo^'eneons pure strain 
which changes the sphere 

to the ellipsoid 



Formulw relating to Systems of Spheres. 

29. If r, s be the radii of two spheres, if> the angle at which 
they intersect, and d the distance between their centres, then 
d' — f + s^ + 2rs cos <p. 

The function 

2rs cos (f) = d^ ~~ r' — s' 
is of importance in the study of the mutual relations of spheres ; 
it is called the power of the two spheres. We shall denote it 
by pn- 

If one of the spheres, say s, becomes a poiut, the limit of 
2rscos0 is d' — t^, i.e. the square of the tangent from the point to 
the sphere, or what is known as the power of the sphere at the 
point, or the power of the point with respect to the sphere. 
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If both spheres reduce to points the Hmit of 2rs cob is d'', the 
square of the distance between the points. 

If one of the spheres becomes a plane, and p is its distance 
from the centre of the other, 

cos ^ = — . 

If the second sphere become a point, and p is its distance from 
the plane, the limit of r cos 4> is p. 

30. Let (Xi, yi, z^ and (^t, tjj, t^) be the co-ordinates of the 
centres of two spheres of radii r^and pt, then iipib is their mutual 
power 

= a^= + yf + s;^ - re - 2^(?i - 2?/; fjit - 2zi^ + ^^ + vi? + Kk^ - pi- 
Hence, compounding the two arrays 

w,, y,, Zi, 1, ici'-l-.v,= + 3i^-r,^ 



^i, Vi, 2t, 1] ^t+yi+Zi—T^, 

and 

-2^„ -2%,-2?„^,^ + V+?i=-pi^ 1 

- nu - 2vi. - 2?i, se + ve + ^f - Pi\ i. 

we see by v. 3 that for two systems of six spheres 

li'L-Pi^ 1 = (i)- 



\p.^..-P^ I 
If cosi^jit is the cosine of the angle at which two spheres cut, 
we can also write this 

|COS0;4| = O (i, yt = l. 2...6). 

For two systems, each of five spheres, 
p»---pi, I 



..(ii) 



If the five spheres of one of the systems — say the first — have 
a common radical centre, taking this for origin we should have 
X- + y' -[- z^ — r^ = c', 
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where c is the same for all the five spheres. Heuce, in the first 
determinant on the right of (ii), the fourth and fifth columns are 
proportionals and the determinant vanishes. 
Thus 

1 Pii-.p.. 1 = M 



when the five spheres of one system have a common radical 
centre. 

If the five spheres of the first system reduce to points (iii) is 
the condition that they should lie on a sphere. 

If both systems reduce to points we regain Cayley's condition, 
that the five points of one system should lie on the same sphere. 

31. But if neither of the determinants on the right of (ii) 
vanish, expand the first determinant with regard to the elements 
of the last column. 

Then pi = x{' + y/ + s/ — rj' 

is the power of the origin (i.e. any point) with regard to the ith 
sphere of the first system. Then if we write 1, 2, 3, 4, 5 for the 
centres of the five spheres, and denote by 

i!. = (-2345), ii, = (34.51), &c., 
the volumes of the tetrahedra formed by the points in brackets, 
and if accents denote similar quantities for the second determinant, 
we have in place of (ii) 

\pik\ = 288 (v,p, + v,p, + ...+ v,p,) iv,'p,' + ...+ v.'p,') 

(ifc=l, 2...5). 
Now describe about the origin a sphere of radius r, cutting 
the spheres r, ... rj at angles 4>i -■■ 0o- 
We have, since (Art. 5) 

"i + "a + ■ ■ ■ +11^ — identically, 
v,p,+ ...+v^p^ = v,(pi — r^)+ ... +«i(p6-r=) 

= 2r()iiriCos^i + ...H-^sr^cos^j), 
and p being a similar sphere for the second system, 

\Pi^ | = 288pr22ririCos^i22iii'piCos0i' {i, k=l ... b). 
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Thus rX^ViVi COS tl>f is independent of the particular sphere r; 
let this be the orthotoraic sphere of the first four, and let R 
denote its radius ; then this sum reduces to 

aod the second factor, in like manner, becomes 
2%'p^R' cos (pB-K'). 
Hence 

I Pu ■■■ Pis 1= llotv^Vn'rsp^RR' cos (reR) cos ip^R'). 



Ipti ■■■?,> 



32. For the fifth sphere of each system in this last equation 
take the orthotomic sphere of the first four spheres in the other 
system. Theu in the determinant on the left all the elements in 
the last row and column vanish except pj,, and 
P,, = 2RR'qos(RR'). 
Hence we obtain 

..-Pu \ 2RR- cos {RR') = U>>2v,v,'R^R'^ cos= {RR'), 



or dividing out the common factors and writing V, V for v^, v^, 
we gel for two sets of four spheres 

I P11-.-P14 \ = &1QVVRR'cos{RR'). 



\p*i—Pi, ■■■ 

If the spheres reduce to points we regain Siebeck's fonnula 
(Art. 22). 

The determinant on the left vanishes if the orthotomic spheres 
of the two systems of spheres cut orthogonally. 

33. To determine the meaning of the determinant 

iMl {i,k.l,%S). 

In the determinant of Art. 32, let the fourth sphere of each system 
be the plane determined by the centres of the first three spheres 
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of the other system, then if A, A' he the areas of the triauglea 
formed by the centres, i^ the angle between their planes, 



lim, — = 3Ac. 



lim. — =3A'ci 



Also if the radical axis of the spheres of the first system meet 
the plane of centra of the second system in P, whose power 
with reference to the spheres is p, and P', p' denote like quantities 
for the other system, 

IRR cos {RR') = PF' -p -p'. 
Hence 



] p,i---pi: 



= 1 6 A A' cos <p (PP"- -p- p'). 



34. In the relations 

d,,...d,„ 1 



1 ... 1 

dn...d,„ 1 



- 28877', 



I rf«-.-(^«, 1 

I 1 ... 1 

of Art. 19, let us suppose the sets of points to be the centres of 
our spheres. 

Then if we multiply the last column by pi' and subtract it 
from the ith column, and the last row by rj" and subtract it from 
the kbh row, we get the relations 

P,^...p^., 1 1=0, 



1 


.y„, 1 ! 

.. I 


p.. 


. P.„ 1 


P.1 
1 


.. 1 
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connecting the mutual powers of two sets of five spheres and two 
sets of four spheres. 

35. Another element connected with two spheres is the length 
of their common tangent. For two spheres of radii r, s the dis- 
tance between whose centres is d and which cut at an angle i^, 
the square of the length of the common tangent is given by 

!-*-('■-«)" 
= 2rscos^^^. 
If one sphere reduce to a point, t is the power of that point 
with respect to the other sphere. If both spheres reduce to points, 
t is the square of the distance between them. 

36. Using the same notation as in Art. 30, if (,i is the square 
of the tangent common to the two spheres 

tik = (*i - hY + (j/i " mr + (si - KkY - (n - Pkf 

Hence, compounding the two arrays 

^ii yi< ^ii J"!. 1^ '>^^ + yi+^i -'''i 



0, 0, 0, 0, 0, 1 

-2?„ -2^„ -2f„ 2p„ |,= -l-V + ?^^-/3,^ 1 

- 2?^, - 2^(, - 2Ci, 2pi, I;' + vi" + ?/ - Pi': 1 
0, 0, 0, 0, 1, 0, 

we get for two systems of six spheres the identity 



tu ■■■ «!«, I 



= 0. 



1 ... 1 
For two systems of five spheres we should get 



■..*■..! 



I ... 1 

the notation of Art. 31. 



--676(v,n+...+v,r,){v,'p,+ .. 
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If t, is the angle at which the plane of similifeude of the first 
four spheres of the first system cuts each of these spheres, and 
(^5(5) the angle at which it cuts the fifth sphere, and similarly for 
the second system, we can reduce this to the foi'm 



tu...ty„l 1 



ki--- toi. 1 



- BIQv^r^v^' p^ { 



V cosi^ A C0ST5 / 



Hence the determinant vanishes if one of the systems of five 
spheres has a common plane of similitude. 

For two sets of four spheres, after some reduction we can 



prove 



that 



't^i-.-t^, 1 






where <p is the angle between the planes of similitude of the two 
systems, and t, t the angles at which they cut their sets of 



37. By compounding the arrays whose ith rows are 

^i, Vi. ^i, n, 1, di^ + yi^-hzi'-rt^ 

and - 2^i, - 2,vi, - 2?i, 2pi, ^i' + -rn' + ^f ~ pi', 1, 

we get the homogeneous relation between the sets of tangents 
common to two sets of seven spheres 



38, We may make use of this last relatiou to solve the 
problem: Determine the equation of the spliere having with five 
given spheres tangents of the same length. 

Let the equations of the five given spheres be 
S, = & = 0. 
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Take theso for the first five of each set of spheres in Art. 38, 
let the sixth sphere be the one required, and the seventh a point 
on the sixth. 

Then we shall have 

(,, = 0, t,i==Si. t,i^k, 
and the equation is 

= 0. 



0, 


*1=, *U, *14, il6, 1, Si 


i,, 


0, 1„, (,„ <„ 1, s. 


1. 


<.. <.., i„ 0, 1, s. 


1, 


1, 1, 1, 1, 0, 


s, 


S,, S„ S„ S„ 0, 



This is apparently of the fourth order, but by means of the 
sixth row and column we can get rid of the tcrma of the second 
degree in the seventh row and column. 

39. All the equations of this section relating to spheres are 
capable of numerous and varied applications, some of these wil! 
be found in the examples, and others in the memoirs of Bauer, 
Darhoux and Frobenius. 
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Prove the following relations ; 1—5. 

(6 + ef, ah , ac '-^ ^ahc (n + 6 + c)\ 

ab , {c + af, he 
ac , bo , (a + bf I 

(b + cf, 6' , b^ \r-.2{bc- 

c= , (r.,.af, a? 



^abf. 



L , 1 , 1 1 = 0, 

A , tan B , tan C 
2A, sin 25, sin 2C 



if A, B, C ave the fingles of a triangle. 

3. II, X. (• + x)V(»+«)l 

1, !/, (» + !/) J(o*l/} 
ll, ., (. + .)V(< + «)1 



" '"" y ( jT-3 -^ '-°" y C--D *"'"^/ ("v D = »■ 



1 , cosa , 

o.(. + ft i cm/3 ! 
.(« + ^ + t), c«.{/3 + y), 
(.+;3+T+S),<».((i+,+8), 


os(a4-/3), COs(a+/3+7), li 
00,/S , oos(/5 + ,), c 

1 , omv , 

ocy , 1 , 

i:os(7+S), cosS , 


is(/3 + y + S) 
co.(t + S) 

1 


= 


o + 4 + e + i, 


a-l-o + d, a-h + 


-d 




a-6-c + (^, 


atbtctd, o + S- 


-<i 




„-bt.,-d, 


a + h — c-d, ft + 6 + 


+ rf 





= 16 (&i!(J + acd + i*6rf+ (i6c). 
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6. IE a, b, e are the sides of a triangle of area A, 2s = a + h -t-c, 
■e , a l = -16sa(aV,+6V3+cV3), 



then 



(6 + cf, a!> 

ab , (cK-«)= 
ac , be 



he , b I 

(a + bf, c\ 



r^, rj being the radii of the escribed circles. 

If the elements in the principal diagonal are (6 — c)^, &;e., the other 
being as before, the value of the determinant is 



-<(°;■^^~)■ 



(b + cf, ab , ae , « | =- llj8A(ari +6r,+ 
ab , (fi + »)^ be , h\ 
ac , he , (a^bf, c \ 



(b^cf, 
ab , (c 



1 |-lGA^-20a6cs. 



be , (a + bf, 1 



7. If ^^tti + Oj + ... + %, ^i = S—«i, prove the following theorems : 
A, th - % \^-x{^-Sr-\ 



= ix-^{n-'2)S]{x^Sr 



8. Tbe determinaat 



(the diagonal consisting of a and b alternately and each row being tilled 
up with the other letter) is equal to 

The determinant is supposed to have 2n rows. 



y Google 



6-13] EXAMPLES ON THE METHODS OF THE TEXT 259 

9. If in a determinant all the minors o£ the second oi'der are 
divisible by the same quantity p, then the minors of the with order 
are divisible by p'^-\ 

10. If in a determinant of the mth order there be a block of p by q 
elements all of which are divisible by a, the determinant is divisible 
by ftP+5-". 

11. Prove the theorems : 





« 


a-irb. 


a+ b + c. 


rf, ... 

([ + /j+ c + d, ... 




a 


2o + 6, 


3a+26 + c, 


ia^3b + 2c^d, ... 




a 


3a + b, 


Qa + Sb + c, 


10a + &b + 3e + d, ... 


«, i, 






d ... 1 = a" 1"-'. 2"-'^. 


a, a+b. 


a+2b+c 


a+ Sb + Sc 


+ d... 


a, 2c(+6, 


4»+46+6 


8«+126+6c 


+ d ... 


a, 3«+6, 


9«+66+c 


21a+21b+9o 


+ d ... 



where a,b,e,d ... ave any quantities whatever, and n is the order of 
the determinant. In the first determinant each row after the first is 
obtained from the preceding by the rale that the rth element of any 
row is the sum of the first r elements of the preceding row. In the 
second determinant the )-th element of any row ia the siim of the first r 
elements of the preceding row multiplied respectively by the coefficients 
in the expansion of (1 + a;)''~'. 



12. If D = 



(«r. 



then D = 2"-^ abed . . . 

The elements o£ the first row and leading diagonal are a, b, c, d ... ; 
in each column the elements below the leading diagonal are equal to 
the element in the first row but of opposite sign, the others are any 
whatever. 



13. If D = 



cos (,.-!>«„. 

0Os(7i-l)a, . 



B?ia„, COs(m — l)a, 



y Google 



THEOliY OF DETERMINANTS 

:osX, eos?'-\ ... cosa^, 1 I 



[ex. 



sm(» + l)ao, sinMa„., 



I- 

14. If 6;t - (a 



i)i ' 



... + a,„)-a^, then 

6it = (Oil + eta + . . . + «m) - 2tt,s 



15. Prove that every power of a symmetvical determinant may be 
expressed as a symmetrical determinant of the same order. 

16. If for each element ay, of a determinant J we write in turn 
flyj + K, "we get n' new determinants. If these be taken as the elements 
of another determinant its value will be 

where S is the sum of all the elements of A. 



17. If w = {X, ~ a,h,) {X, - aj>^) . . . {X, 

prove that the value of the determinant 

I, a^,, aj>, ... ( 



».4.>, 



<^6„ X, 


»A 


.. «.i, 


<hh, «i6s 


X> 


..«.4. 


«i6™. «=6n 


•hi. 


... Z„ 


0,6, 


1 


^:a 
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and the value of 

0, a„ a., ... 

b,, X^, a^\ ... a„6| 

65, afis, X3 ... «„&2 



18. IE u = {x-2a,)(x-^a^) ... (*-3a„), prove the following 



,0, 1 , 1 , 1 .. 
Il, a,' , a,= , {x-a,Y.. 



\{^-<r 


a,»a . 


eh<h ■■ 


= 33"- 


a,<h 


(^-«.)^ 


05% .- 


' 


(h'h 


a.2"3 , 


{03 -«.)^. 


1 



, a^ , a,.2 , a^ ... 



{x-a,)\ ai ... a,? , b„ 1 
a,^ , {x- a^f... a„* , 62, 1 



b, , b, ... b„ , 
1 , i ... 1 
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[ex. 



-s;}i 



2«i '" X— 2a^j 
19. Prove that, if S=K + i/ + a + M, 
u" , ^ , (S-yf, ^ 

+ 24cj/« + 2iC3M + 2yisa + ^xyu 
-x^-y^-z'-v?]. 

!0. If X^ciixAnx, &c, prove that 
isna;, sn^a:, Zl =sn(y-s) 9n(s-:.).u (a3^y)sn(r<. + y + s) J/ 



0, I 


I 


1 , I 


1, («-» 

1, V? 

1. it= 




iS-vf, <? \ 



'., Z] 



where 

J/"= 1 - k^{sa^y 

21. If sna 



iii;/sn^r^si.a^ + ^-,YsnyH-Xr™4 



a3dn3i = A', J 



:. prove 



that 



I 1, sn'a:, sn*iB, X = 0, 
1, snV, m^y, Y 
1, sn^3, sn'a, ^ 
I I, sn'M, sn*M, tr 
provided x + y +z + u = 2pE+ 2qiK', 

p, q being integers. 



If 



Sii = a 



- H i 



5,„ S^ ... S,^..^ 



Swn.S,-,,... S,_t,,.,,\ 
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ia the sum of all the minors of order k-h of the deterniitiant 
^ = [ a,t I ; excepting always in such sum those detenninaiits and their 
complements of order h which in their formation have two vow or 
column suffixes congruent with regard to the modulus h. 



If 



where all elements a 
lines of elements on< 



and hence that 



0, !, 1, 1, 1 ,,. K^irows), 

1, 0, X, 0, ... I 
1, y, 0, X, ... 
1, 0, y, 0, X ... 
1, 0, 0, y, .0 ... 
1 

zeros, with the exception of the border, and two 
a each aide of the principal diagonal, prove that 



jyA>.. 



+ /;' _ 2 (- xyf 



-^{in+l){x^y){ - 



whei-e aJI the elements are o with the exception of two lines, i 
either side of the principal diagonal, prove that 

f(„- ,)._(,^t). |. 



»..- 



Find also the Titlue of i?„„. 



+ 6-2c 



,j. 
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[ex. 



0, 

1, 
1 


1 
b 


1, 


1, 

0, 


1 







1 

1 






b 




h 


a 





(where, with the exception of the border, the elements in the leading 
diagonal are c, in the lines on either side of it « and 6, tlie rest are zero), 



D„ - cD,„_i + abD,i^^ -- 



a + 5 + c 



where u and v are the roots of the equation 



Hence shew that 






_Sabrt u^^f-^ _ (^ft)'' + (-6)" 



The value of the determinant 



(i) H«„..+ (r-l)Si> 

(ii) n «,.«•- is (1-^T-. 
(iii) II »,.^ i. 
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(iv) liu,.-co^{a + (r-l)b]i. 

2(l-COS«6j 

(v) If Mr = siii !» + (>■- l)&i we must change- the cos 
numerator oE (iv) into sines. 

(vi) If li,. = **""' + «'*""' + i(f'^^''~' + ... ad inf., is 
(1-^")-'. 

27, The solution of the partial diEFerentiEil equation 
j A. A ■■■ A. > = o, 
A.. -Oi ■-■ A-i 



I A, A -■■ A I 

where /J,. = ,— , 

the functions being arbitrary and the summation extending to all 
values of (u being roots of the equation a^ - 1 - 0. 

28. If in an orthosymmetrical determinant of order n (viii. 20), 
_(!- ;■) (l-,-f> ...(l-<r*") 
"» (l-p)(l-5W)...(l-,"-'-')' 
the value of the detewninant is equal to 

multiplied by a fraction whose numerator is 

(- i)^'V"~"~'(i -s)"-' {' -ir-' - {1 - ?"-') 

X (5^ - 5°)""' (ff^"" - 9°)""' ■ ■ ■ (?'"'""' - 5"). 
and denominator 

(l-4.v)(l-j'«)-... (l-«>"-T-' 

x(i-,'+-'r'(i -?'+•)■-' - (1-?'""). 

29, The value of the determinant 
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the elements in the leading diagonal being zero, that in the ith row 
and jth column ai + %, is given by 

(-l)-fl = 2%,a,...».(l-»-iS<^!^), 

whei'e i, k are all duacis fvom ], '2 ... w. 

30. The value of the cubic determinant o£ order n, audi that 



__^ _(-z}T^__. - = « _ 1 + 2 5 cos(a.-f «.)^inM« .-%) ^ 
where i, k are all duads from 1, 3 ... n. 

31. If ^ = |«^t|, B = |6a| are two determinants of orders n and m 
respectively, we can form a new square array of {nmf elements as 
follows. Repeat tKe array i,^, )i times in a row, and take n such rows, 
so that £ is repeated hke the squares on a chess-board. Then multiply 
each of the elements of that block which stands in the ith row and 
Ath coluinn by (%. The determinant of the resulting array is equal 
to A"'£". 

Example : 



6 1 
d 1 


y. S 


aS, 


6., b/Sl-AW. 
by, 68 
d,^ d^ 
dy, di 



32. If «,&... ^5 a, ^ ... X are any two sets of n quantities, and 



prove til at 



d,, ', = 0, if fr -?;{)■ -1) + 3, 
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29-34] EXAMPLES ON THE METHODS OF THE TEXT 
I d,, ... d,„ 1 =0,if « = «{*--l)+3. 



^In this and the next fivi 



The determinant 



(m + l). 



(,» + l),. 



(™+.-l), , 


{«j + r-])^„ 


(m + r)j, , 


(m + r),,, 


(.»+r + .), , 


(«. + .•+.),„ 


(>»+r + .+ l)„ 


m + r*. + l)„ 



. (m+r+,*l). 



(«.H-rH.. + 0„ (TO + f + .-H),., ... («. + .--K+i). 
where u=p + r + t + l (the suffixes p, p+ 1, ... wof the rows are con- 
secutive, but VI, m + 1, ... ?rt +r, m + r + s, ... m + r + s + i form two 
groups of consecutive numbers), is equal to the product of the two 
fractions 

.» ,(«.+ 1),... (.1.4. . .(.(mt r 4. ,),... (..It . ■4..4.t)„ 

(r + .U.(r4..tl),„...(r + .H-tK , 
(.■ + l),.„(<- + 2),.„...(r + H.l),„ ■ 



34. The detenuinant 
m^, JWr+i ... 

(»+!)„ (»*!)„ 
(m + 2)„ (™4.2)„ 



...(m + l),,.., (». + !)„.„ ...(». + !)„„ 
... (m+ 2)„., {.»+ 2)„.„ ... (m + 2)„^. 



(m+r)„ (m + .-U...(m + r),.„ (m + r)„..„ ... (m + • 

where r = s + u+ 1 (the suffixes p, p+ 1, ... p + s, p-i-a + v, .. 

form two groups o£ consecutive numbers, while m, m + 1, 

consecutive), is equal to the product of the two fractions 

...„(■» *l),...(m4.r), 

MP + l)p ... (JJ +S)p (P+ 8 + V)j ... b + S +" + > 

(»-p).-,(».-ptl)„...(m-y^ ..).„ 
(«-l)..,.._,(.+ l)„ ...(. + «- 1),-, ■ 
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35. Prove that 



(^ + 1)", {p + l)„ {p + l),...{p^l),.., 

(x+2)", (p + 2)„, (p+2),...(p+2),._, 



{cB+r)», {p + r)„ (p + r), ... (p + r),.. 
vanishHS if n<r, but is equal to (- ly^til if M = r. li 
mmant reduces to a function of x of order n — r. 

36. Prove that 



[ex. 



i i^ + iy, {p + i),...{p + iy,. ' 

j (^ + 2)", (p + 2), ... (p-^2)., 

(x + ry^, (p + r), ... {i) + r\ ■ 
for all positive values of n less thitn r. 

37. Prove that 

I Pn, Pi ■■■ P,-i w™ ,^A'*«.'". 

(p + i)o- (p + 1),... (p + 1),.-,, (« + ir ; 

1 (?'+3)„, b+ 2), ...{;>+ 2),._„ (n+2r j 
I (p + r)„, {;, + r), ...(p + r),..„ (^+rr i 

38. Prove that the value of the determinant 

(™-y+l)(m+l)„ (,+ l){.»+l),t„ b+l)(™+l),H,, (l + lXm+lj.^ 
(«,-p+2)C»+2)„ (»+2)(™+2V„ (5+2)(». + 2),„, (<+2){«.+2),t 



'•)i„ (»+••)(•>•+••),»■, («*•■){»•+'•),+., {'+'-X'»+>'),* 



„,(^t !),.■.(« 



J'(,»-rt(m 



tl)(m-y + 2) ,..(». 



Pp(? + l)r--(p-*-'-)j 
and so is independent of the quantities n, <j, I... 

39. If ^ = I (8,^ I ; £ — ] 6aj I are two determinants of order n, and 

/(^)=| «;,+ «,&«, I, 

prove that /{x)f{-x)^A£ | H,^- K^ux' \ , 

where the quantities Ha, K^i satisfy the equations 

F„ K,,+ E,^ K^ + ... + //,„ K^ = 0. 
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40. With the same notation as in the preceding qnes 
that if 



269 



/xffj,, 



^fi: 



f-H^,. 






^n,,. 



I'-iU^i - 



41. If F {x) - a^x" + ft^a;"-' - 
prove that 



I 0, 0, . 
' 0, 0, . 



+ -'^--^«, -a;, 

-"—'a;, \, --x 

"""'a:, 0, 1 

^ :c, 0, 



0, 
. 0, ■ 
. 0, 

1, -» 



e the coefficients of homologous elements in F and Q, 
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Also, i£ to the elements of P we add the homologous eleiuants o£ Q 
multiplied by j/, the resulting determinant is equal to 

42. Prove the formula for the change of the independent variable 
in the determinant of n functions 



K0 






dt d^ ■ 



df'-i 



43. Let ffl], fflj, (ij ... be a series of n positive numbers, and let s,. be 
he sum of the divisors of r selected from the terms of this series, this 
urn being supposed to vanish for all values of r which have no divisors 
Q the above series. Then if 



tlie number of positive integral solutions of the equation 



44, If s,, is the s 



a of all the divisors of r, then the determinant 



, , )i-3 . 



s„ 0,0,0 ... 3, s, 
«„ 0,0,0 ... 0, 2 



is equal to (- 1 )"^ « ! when n is of the form ^ (3i^ ± Jt), but vanishes for 
other values of n. 
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271 



45. Let (m, )i) denote the grea.test common divisor of the integral 
numbers m and n ; and let iji (m) be the number of numbers prime to 
■m and not surpassing m ; the symmetrical determinant 

A, = 2^(l,l)(2,2)...(m,m) 
is equal to ^ (1) ^ (2) i/.(3) ...^(m). 

46. If J. is a skew determinant of order n in which the principal 
diagonal elements are eqiial U) s, and A,-,, its system of first minors, 
prove that 

A..^A„^A,„A^^+ ... + J,„^™ 

is equal to Aw,.g if n is even, aud to — iv,^ if ts is odd. 

47. If f{x)^x'' + a,x'"-' + a^af'-^+ ...+(tn^'i 
has for its roots 6], h^ ... 6„, prove that 

: h„ X, b, ... t, 



I 6„_„ 6„_„ 6,,., ... X, 
i 1, 1, 1 ...1, 1 
n o£ the rth powers of the roots 



= {-i)-'-C{r>,,h,...K)fix). 



48. Prove that 



Hri being the sum of the homogeneous powers and products of order p o 



prove that the value of the determinant of order 2n 
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THEORY OF DETERMINANTS 

■,..« r(an'^-'%)g*(a!i.a!i-- 



[ex. 



[*{a,)^(a,)...^K)P ■ 
where 4> (x) = (cc- x,) {x - x^) ... (x-x^). 

50. Prove that the value of the determinant of order 2w + 1 whose 
ith row is 

1, sin«{, costt;, sin2a|, cos 2ffi;, ... ninna^, cosnai, 

where i, k are all duads from 1, 2 ... jt (i > ^). 

Also that the value of the determinant of order 2)i whose ith I'ow is 



•sa,, 



■iat, 






3""-'"+' n sin ^ {a; -a,) 5, 
.S'= 2 cos ^ (», + «;+ ... + «^_a,,^, ■■■- «2,i) 
is formed by dividing the Sii angles into two seta of n ii 
ways ajid taking the cosine of half the difference of the fs 



prove that 



-1 =--(-!)' 



^^K,^,...«„)^K,a^.-^„.„) 



■where <(. (a:) = (a; - iC,) (a; - ccs) . . . (k - «,^|)> 

If j5 is the determinant obtained from A by writing ( 
place of {a, - iCj), prove that 



1 



1 



B 



1 1 



1 
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the function on the right being formed like a determinant, with all 
the signs positive instead of alternating. 

52. If a, ,8 ... X ; a.', ji' ... k' are two sets each of ?i quantities, 
and C^ ^s t'^^ product of all the binomial coefficients in the expansion 
of (1 +ic)'", prove the following equalities : 



■where 



^l{a,^...X)il(.',li'...X')I, 



X-/3' ... X-V 



•-(»'— W(>'~/5'!/)...(»-iV), 
/.(12)-«., 
QEing the notation of invariants, 



(.-.')"...(•-».•)•, ('-')' 


= (- 


{.-.■)•+■... (.-X')-+', (.^ 


,)„■ 



.{-irc.£-(.,/3...x)£'(.;/)-...x> 



X-a' ...X-X', 



'•(5:;j>«'(«.^ 



-<-l)' 



•*' U£»(.',/r.,.x')/., 



Again, 

(—•■)■ 



(*—■)■ 



.{."XT, 1 

. (X-X')"/ 1 



-(-l)-«C.£*(....X)£»(a'...X'), 
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274 TMEOHV OF DETERMINANTS 



1 



1 



"(-1)' 



»■ ^^ £'(.,. a) tH"' 



[ex. 



53, Let there be tsvo systems of binary m-ties u, _. u^; v 
where 

M, = <%; ic" + )8itt,fic''-> + «a(%ic"-y + . . . + «,„-?/", 

"i =^ ^oi *" "*" "i^ii''^~'y + '^Ai^"" V^ + . . . + 6„i2/". 
And let (i, ;t) be the lineo-linear invaria,iit of % and Uj,, so that 

(*, k) — O^fimc ~ ^l^U^K-^k + '^h'hfiii-sk — . . . ± "ni^ot' 

Prove that 

: (1,1) ... (1,..^2) 1 = 0, 



, {ji + 2, 1) ... (m + 2, n + 2) \ 
(1, 1) ... (1,^+1) l = (7„| «„, «„.,.«„, II 



l(«+l,l)...(« 






54. If tti, 0,2 ... a-s a™ the roots of the equation 
■ove that 



■ =--{-!)^'' 



55. If Wi = — , «2= — ... M„„i=.- 

a;^ being a function oi x^, x^.,. x„_^ given by 



£*(.., 



prove that 



d {x,, iCi ... x^-i)^ xl+^ 
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56. liu, = {x + y + zr^{x~y-zfA-{-x^y-zY + (rX^ 
prove that the Hessian o£ m„ is 

multiplied by a numerical factor. 

57. If F=uM.,..,u., 



275 



where u,, n^ 


., M„ are linear functions of the n variables x,, 


prove that 


™(H*>(-»-[t;^i-^fl' 


Also that 




' dxi '" dx^ 


^<-"'-C-fc^! 




dF cPF d^F 






dxi' dxi' ""■ dxidx^ 






dF d^F d^F 






rf^T, ' dx„ dx-i ' ' ' dx^ 1 


58. If u^, )ij, Kj be three functions of x, y, and if 


"^ ci(c.,j/) ' ^ rf(a^,2/) ' •■' d{x,y) ' 




d{v 





j-re four functions of 
d'u^ d''Ug d'us 



d^u^ dhi,^ d^Ui 
df ' dy" ' df 



similfir determinants formed fro 



Kj, ic, then 

IS— 2 



yGoosle 



THEORY OF DE'J'ERMINANTS 



[ex. 



from ii|, »5, »j|, ^4 uc 


cm foiii 


ifturne 


w functions w,, t 


Cj, '" 


same way as we obtained v. 


fjfrom 


u, ...M,. Prove that 


Wi 


t^V 


d'u. 


dht, d^u. 




— -c 


^W ' 


"^• 


dx' ' da? 
















d'u. 


^X 


rf^M, dX 






dxdy> 


d!cdf 


.icrfj/^' (icrfy 










'df' w 




where /i is a tiumeu 


al taUD 









f the n' functions -ii^j, (i, A = l, 2 ... ii) of the v 
prove tliat the cubic determinant "whose elements a 



fti, *= 



61. For the n functions «, ... «„ of the variables x 
tlie cubic determinant whose elements are 





d'^, 


dxjdxk 


is a covariant. 


62, If the function u of the variables x 


the linear substitution 


'^i = Ky-. + l>i^y-i+ -^hn- 


to a function w of m — 1 variables, prove that 


H{,).- 


0, -Bi ... .fi„ 




*, «„ ... <^. 




Ji., «., ... «.. 



, . a;„ be transformed by 



- , and (- 1)'.^; is the determinant obtained by suppress- 
] the array formed by the quanlities 6j. 

D^-^ a,, ... a,, I 
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prove that the substitution 

1 dB,.^. 1 dD^ 

reduces the given quadric to the sum of the n squares 

« = S^;j-!;,- (r = l, 2...n). 

64. li u and v aro two ji-ary quadrics and U, V their reciprocals, 
prove that we can by the same linear substitution change w into AV 
and v into SU ; A and B are the discriminants of u and v. The 
determinant C of the substitution ia the geometric mean between the 
discriminants of U and V. If be regarded as the discriminant of a 
quadric W, we can by the same linear substitution reduce the three 
quadrics U, F, TT to the sum of squares. The coefficient of any term 
in IT so transformed ia the geometric mean between the homologous 
coefficients in U and V. 

65. If to the leading elements of the determinant of an orthogonal 
substitution of order n wc add the quantities a,, a^.-.a^, or the 

quantities — , — ... — , the resulting determinants are equal if 

66. If c-a are the coefficients of an orthogonal substitution (modulus 
unity) of order ir, prove that 



is equal to zero if n is odd ; but if n is even its value is 

'■ T 

where A is the skew determinant from which the orthogonal substitution 
ia derived, and [A'\ the same determinant with the elements in the 
leading diagonal zero. ■ 

If D^i is the coefficient of one of the leading terms in B, prove that 
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67. If Hi.l=« 

is the determinant of an orthogonal substitution, the equation 



is a reciprocal one. If n is odd it has one real root - e ; if ii ia eve 
£ = — I it has the two real roots + I . The rest are all imaginary. 



S««9!,St„ 



subject to the condition,'- 






c given by the equation 






The values of a:,, x^ ... x„ which satisfy the equatio 






and make x,^ + x.;,^ + ... + a:„ 

where is the determinant whose elements are given by 
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70. The value oi the integral 

(I ... Xi,Xjdxidx2 ... da:„, 

taken for all values of the variables such that 

^aijXiXj-<. 1, 
the quadvic being a definite positive form (i.u. inca.pable of becoming 
negative), is 

where A —- \ (s^ | is the discriminant of the ijuadric. 
71. The value of the integral 

I ... I £""cos{?Jiiri + ?i2a:^+ ... + 6,iIB„) dx^dx-i... dx„, 
where 

where 

__1 I 0, h,, h ■■■ K 

\ ^7 ''ill "la ■■■ "llr 



In this question and the next u is supposed to be incapable of becoming 
negative. 

72. The value of the integral 

I ... I Vf~^dx^dx^ ... da^, 

v/(S)f. 

where S is the sum of the n doterminants obtained by substituting 
for each column of A in succession the corresponding column of 
the disorimiQant of v. 
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THEOliY OF DETERMINi. 



[i«. 



9,j., be 2ra + 1 real and different numbers i 
nitiide, and let 



73. Let »!, oj 
ascending order of 

P(c5)-(«!-«,)(«!-a.)...(=i-«,„) 
Q{x) = {x-a;){x-a,)...{x~<^^)A 

A being a positive number. Tlien if 



K,..iJ1 



P{x)dx 

(these are the complete Abeliai 
and if also 

, V^ |-°3^i P (J3) dx 
then 



Q K-O 



/ Oas-i (is ■ 



n integrals of the first and second species), 
V=l Q1%,._0 f ^+1 P (x) dx 



Prove also that 

dk^~dk^,_~ \V ''■"'" dl,._, 
74. Prove that the value of the < 



^G)- 






Diitinued fraction 
■,— ad inf. 



75. Prove that the product of the two continued fractions 

^ _!• 3' 

" *f(<.-l)5+3(.-irH-- 
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76. If M„ is the numbei' of terms in. a determinant of ord« 
which do not contain any element from the principal diagonal, pi 

...»«„ + (- 1)-, 

and hence that — is the coefficient of m:' 



77. If M„ is the number of terms 
order n, prove that 



tiie expansion ot . 

symmetrical determinant of 



-.-0. 



Also that — ^ is the coefficient of a;" in the expansion of 

78. If [1 .3,5 ... (2)i~1)]m„ is the number of tern 
determinant of order 2n, prove that 



Shew also that^ 



.(2,-l)«..,^(«-l)«..,. 

-. is the coefficient of x" in the expansii 



V It -a: 



79. If ^ is the 


*rea of a quadrilateral, the 


co-ordinates of whos 


angular points are {x^, j/j) ... (scj, j/,), then 






1, 0, X,, y. 




iA = 


0, 1,^,,;,, U»-^uJ' 

1, 0, :..„2/, -i^^-^'3' 
0, 1, ^„ V, 


~^' 1 ■ 


The area of a qu 


idrilateral inscribed in a circle in terms of its sid 


is given by 


16^= a, b , c , d 

h ,-a, d. c 
e , d ,-a, h 




80. If the plan 


3S 






«..^ + Sj2/ + c,s + rf,. = 


(i=l, 2, 3. 4, 5) 


touch the same sphe 


re, then 






] (Sj, hi, Cf, di, !!j| = 


(; = 1, 2...5), 


where 


i(/ = a,.' + bf^ + c/. 
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[ex. 



81. A quadric of revolution, passes tlirougli five points 1', . 
and the distances of these points from a focus ave r, ... r^. 



If V'l = volume of tetrahedro 



P^fJ'xf^, ■fee, 
4- ,..+ F,r,= 0. 



82. Let F, V be the volumes, A, B, C, D ; o,, b, u, d the avoas o£ 
the faces of two tetrahedra whose angular points are numbered 1, 2, 3, 4. 
Alao let Pit be the perpendicular from the point i of the first tetrahedron 
on. the faoe opposite the point k of the second, and pij. a like- quantity 
for the other tetrahedron. Prove that 



l^.lx 



{VY'Y 



(i, k=\, a, 3, 4). 



83. If A, B, G, D are the directions of four forces in equilibrium, 
and if AB is the moment of tbe lines A and 5, Ac, prove that 

\^,BA,GA,hA 
Ufi, , 6'B, DB 
I AG, BG, , DG 
\AB, BD, GD, 

If a, ft, c, d are the magnitudes of the forces 
a=^{BG .CD .DB), &.c. 

84. In Siebeck's determinant, XVII, 22, prove that 

dD 

■yT- = 288W, 



■where v is the volume of the tetrahedron formed by the face 

the point * of the first tetrahedron and the centre of the sphere 

circumscribing the second tetrahedron, and similarly for v'. 

85. If in a system of five points di^ is the square of the line 
joining the ith and ftth points, and r is a sixth point of the system, 
prove that 

d„^ , d,.^d„ + (^i, , . . rf..i</,.B + rfiB, rf,T + 1 , = 0. 

drid^j + d^i, ' d^ ... dra'^ro + '^i ^n 



d^^d^ + d,t. 



dy^dr, + d^, . 

d,^ + l . 



<?,, + ! 
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l6. If in a system of s 
md kih lines, and r is 



veil straight lines, m^ is the moment of the 
a eighth line, prove that 



-mfimy^ + H^ij, 



m„m„ + 



mrijTMrt + "'a? ■ 



87. Having given two tetrahedra whose angular points are 
marked 1, 2, 3, 4, let d^i denote the square of the distance between 
the tth point of the first and kth point of the second tetrahedron. 
Prove the following relations : 

(i) For two points P, Q the distances of /" from the angular points 
of the flrat tetrahedron being a,, of Q from those of the second b^, and 



(ii) For the point F and a plane, qi being the distances of the 
vertices of the second tetrahedron from the plane, f) the distance of 1' 
from the plane, 



(iii) .For two planes, p(, q^ being the perpendiculars from the angulai 
points of tlie tetrahedra on them, ^ the angle between the planes, 




88. For a system of six and a second system of five spher 
Pit is the power of the ith and Ath spheres. 
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288 HISTORICAL XOTE 

properties of such deteimmant'i liMf been discussed by JI. Poiiicare, 
Helga V. Koch, and T Oazzaniga 

T. Muir's Theory if DeU-immantS ire &<• Hi^fMual Order of its 
Development, Part i (London 1890), gives a rndt oaiefiil and complete 
account of the progress of the theory down to the year 1841. 
Dr Muir has also compiled a list of writings on determinants, two 
parts of which have been published in the Quwrt. Jowm. of Math. 
vols, xviii., xxi.; the third part, coming down to 1900, will shortly 
appear. 
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